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Devwudfw
Lqwurgxflqj frqfhuqv derxw odqg ihuwlolw| iru odqgorugv lq d Sulqflsdo0Djhqw prgho ri
vkduhfursslqj zlwk prudo kd}dug/ zh vkrz wkdw wkh rswlpdo frqwudfw xqghu olplwhg frpplw0
phqw uhhfwv d wudgh0r ehwzhhq surgxfwlrq dqg odqg txdolw| pdlqwhqdqfh1 Xvlqj Sklolsslqhv
gdwd/ d prgho zkhuh wkh ohdvlqj rxw dqg frqwudfw fkrlfhv duh vlpxowdqhrxv lv hvwlpdwhg dqg
dyrlgv wkh vhohfwlylw| eldv ri revhuyhg frqwudfwv1 Odqgorugv suhihu wr xvh pruh lqfhqwlyh frq0
wudfwv iru pruh ihuwloh sorwv dqg ohvv lqfhqwlyh rqhv zkhq furs fkrlfhv lqgxfh odqg ryhuxvh1
Hpslulfdo whvwv uhmhfw wkh prgho ri sxuh ulvn vkdulqj lq surgxfwlrq dqg vkrz wkh lqwhuhvw ri
wdnlqj odqg txdolw| pdlqwhqdqfh lqwr dffrxqw1
Nh| Zrugv= vkduhfursslqj/ prudo kd}dug/ lqfhqwlyh frqwudfwv/ odqg ydoxh/ vrlo frqvhuyd0
wlrq/ hpslulfdo frqwudfw wkhru|1
MHO Fodvvlfdwlrq= G56/ G;5/ T45/ T48/ T571
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Wkh hflhqf| ri vkduh whqdqf| kdv pdlqo| ehhq vwxglhg lq d vwdwlf iudphzrun1 Vwljolw} +4<:7,
srlqwv rxw wkdw vkduh frqwudfwv duh vhfrqg ehvw fkrlfhv ehfdxvh wkh| uhvxow iurp d wudgh0r
ehwzhhq lqfhqwlyhv wr zrun dqg ulvn vkdulqj1 Lq wkh wudqvdfwlrq frvw dssurdfk +Doohq dqg Oxhfn/
4<<6,/ wkh w|sh ri djulfxowxudo frqwudfwv duh ghwhuplqhg e| frqwudfwlqj frvwv1 \hw/ Mrkqvrq
+4<83, zurwh= _Zkhq d pdq vhoov d exvkho ri zkhdw/ kh kdv qr lqwhuhvw lq wkh xvh wr zklfk wkh
zkhdw lv sxw dqg lv frqvhtxhqwo| zloolqj wr vhoo wr wkh kljkhvw elgghu1 Krzhyhu/ zkhq d pdq
vhoov wkh xvh ri odqg/ kh kdv d uhdo lqwhuhvw lq krz wkh odqg zloo eh xvhg1 Frqvhtxhqwo|/ wkh
fkrlfh ri whqdqw lv qhyhu pdgh zlwkrxw frqvlghulqj zkdw wkh lpsdfw ri wkh whqdqf| zloo eh xsrq
wkh ydoxh ri wkh dvvhw1% Lw vhhpv uhohydqw iru wkh odqgorug wr wdnh lqwr dffrxqw wkh g|qdplfv ri
odqg ihuwlolw|1 Zkhq wklv g|qdplfv lv h{solflwo| irupdol}hg/ lw uhpdlqv wr eh suryhq wkdw vwdwlf
dujxphqwv derxw hflhqf| duh vwloo ydolg1 Lq d g|qdplf prgho zh pljkw kdyh wr ghulyh wkh zd|
lqfhqwlyhv duh ghvljqhg dffruglqj wr wkh pdqdjhphqw ri odqg ihuwlolw|1
Lq prvw vkduh0whqdqf| prghov wkh odqgrzqhu*v remhfwlyh lv wr pd{lpl}h h{shfwhg xwlolw|
zklfk ghshqgv rq qhw ehqhw/ hruw vxsso| dqg wkh frqwudfw vkdsh +Vwljolw}/ 4<:7/ Hvzdudq dqg
Nrwzdo/ 4<;8/ Vlqjk/ 4<;</ ru Rwvxnd/ Fkxpd dqg Kd|dpl/ 4<<5,1 Dprqj wkh sdshuv dgrswlqj d
g|qdplf iudphzrun/ qrqh doorzv iru d g|qdplf ghshqghqfh ri odqg ihuwlolw| rq fxowlydwlqj fkrlfh1
Gxwwd/ Ud|/ Vhqjxswd +4<;<, dqdo|}h wkh hflhqf| sureohp zkhq wkh uhodwlrqvkls lv lqqlwho|
uhshdwhg dqg wkh odqgorug xvhv wkuhdwv ri hylfwlrq1 Ervh +4<<6,/ vkrzv krz lqqlwho| orqj {hg
uhqw frqwudfwv lqwhuolqnhg zlwk fuhglw djuhhphqwv ehwzhhq d odqgrzqhu dqg d shdvdqw eulqj d
pruh hflhqw doorfdwlrq ri uhvrxufhv zkhq lqyhvwphqw lv qhhghg1 Rwvxnd/ Fkxpd dqg Kd|dpl
+4<<6, h{dplqh orqj whup djuduldq frqwudfwv wr vkrz wkdw vkduh whqdqf| lv pruh hflhqw wkdq
{hg zdjh shupdqhqw oderu1 Rwkhu prghov wdnh lqwr dffrxqw vrph dvshfwv ri odqg fkdudfwhulvwlfv
dqg odqg ihuwlolw| zlwk d wudqvdfwlrq frvw dssurdfk1 Doohq dqg Oxhfn +4<<5, dqdo|}h wkh fkrlfh
ehwzhhq fdvk uhqw dqg furs vkduh frqwudfwv> wkh| dujxh wkdw d vkduh frqwudfw fdq fxue wkh
iduphu*v lqfhqwlyh wr h{sorlw odqg dwwulexwhv1 Edugkdq +4<;7/ fk1 :,/ Eudyhupdq dqg Vwljolw}
+4<;9, vkrz krz surgxfwlrq vkdulqj dqg frvw vkdulqj jlyh pruh hflhqw lqfhqwlyhv rq d ihuwlol}hu
lqsxw dqg d qrq revhuydeoh oderu hruw1 Edugkdq +4<;7/ fk1 ;, vkrzv zlwk d wzr shulrg prgho
wkh wudgh0r ehwzhhq surgxfwlrq lqfhqwlyhv/ hqkdqfhg lq uvw shulrg e| d glvplvvdo wkuhdw iurp
wkh odqgrzqhu/ dqg odqg lpsuryhphqw lqfhqwlyhv ghfuhdvlqj zlwk d pruh srzhuhg frqwudfw1
Dq lpsruwdqw lvvxh prghoohg khuh lv wkdw djulfxowxudo dfwlylw| gxulqj d furs vhdvrq dhfwv
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ixwxuh surgxfwlrq ehfdxvh odqg ihuwlolw| lv jryhuqhg e| dq lqyhvwphqw ixqfwlrq ghshqglqj rq
wkh sdvw ihuwlolw| ohyho dqg wkh fxowlydwru*v hruw1 Djhqw*v dfwlrqv duh qrw revhuydeoh wr wkh
Sulqflsdo dqg frqwudfwv duh lqfrpsohwh ehfdxvh wkh| fdqqrw eh frqwlqjhqw rq odqg ihuwlolw|1 Wkh
odqgrzqhu*v lqwhuwhpsrudo xwlolw| lv ghqhg dv d ixqfwlrq ri doo ixwxuh qhw ehqhwv gxh wr klv
surshuw| uljkw1 Frqvlghulqj d vhtxhqfh ri vkruw whup frqwudfwv/ wkh vkdsh ri wkh xwlolw| ri
wkh Sulqflsdo lv pdunhgo| glhuhqw iurp zkdw uhvxowv lq vwdqgdug prudo kd}dug prghov/ vlqfh lw
lqfoxghv wkh ydoxh ri odqg1 Wkh uhshdwhg prudo kd}dug wkhru| grhv qrw frqvlghu wklv fdvh ehfdxvh
lq prvw ri wkhp Djhqw*v dfwlrqv grq*w prgli| ixwxuh surgxfwlrq whfkqrorj| +Urjhuvrq/ 4<;8/
Odpehuw/ 4<;6,1 Ixghqehuj/ Kropvwurp dqg Plojurp +4<<3, dqg Pdofrpvrq dqg Vslqqhz|q
+4<;;,/ lq d uhshdwhg prudo kd}dug uhodwlrqvkls/ vwxg| wkh srvvlelolw| wr lpsohphqw orqj whup
frqwudfwv/ zklfk duh Sduhwr vxshulru wr vkruw whup djuhhphqwv +Udgqhu/ 4<;8/ Uxelqvwhlq dqg
\ddul/ 4<;6,/ e| vhtxhqfhv ri vsrw frqwudfwv1 Zh nqrz wkdw vkruw whup uhqhjrwldeoh frqwudfwv
dfklhyh orqj uxq hflhqf| zkhq wkhuh lv qr lqirupdwlrqdo dv|pphwu| dw frqwudfwlqj gdwhv +Uh|
dqg Vdodqlh/ 4<<3/ 4<<9, exw vsrw frqwudfwlqj pd| idlo wr rswlpdoo| vprrwk djhqw*v frqvxpswlrq1
Khuh/ zh frqvlghu glhuhqw lqirupdwlrqdo frqglwlrqv ehfdxvh frqwudfwv duh lqfrpsohwh dqg odvw
iru rqh shulrg lq dq hqylurqphqw zkhuh orqj whup ixoo frpplwphqw lv qrw fuhgleoh1
Zh ghulyh wkh rswlpdo vhfrqg ehvw olqhdu frqwudfw zklfk lv glhuhqw iurp Vwljolw} +4<:7,1
Iru h{dpsoh/ li ulvn qhxwudolw| lv dvvxphg/ wkh rswlpdo frqwudfw lv qrw d {hg uhqw frqwudfw
exw d vkduhfursslqj rqh1 Orz srzhuhg lqfhqwlyhv +lq wkh vhqvh ri Zlooldpvrq/ 4<;8, frph
iurp wkh suhvhqfh ri hruwv ohdglqj wr ihuwlolw| gdpdjhv wkrxjk wkh| duh surgxfwlyh lq wkh
vkruw whup1 Dv lq Ednhu +4<<5,/ wkh jds ehwzhhq wkh Sulqflsdo*v remhfwlyh dqg wkh Djhqw*v
shuirupdqfh phdvxuh ohdgv wr glvwruwlrqv lq hruwv1 Zh vkrz krz wkh rswlpdo vkdulqj uxoh
ghshqgv rq odqg ihuwlolw|/ surgxfwlrq dqg odqg lqyhvwphqw ixqfwlrqv +dqg Djhqw*v ulvn dyhuvlrq,1
Wkhq zh rewdlq hpslulfdoo| whvwdeoh lpsolfdwlrqv ri wkh prgho uhodwlqj wkh fkrlfh ri frqwudfw
dqg odqg ydoxh zkhq wkh surgxfwlrq hruw fdq uhgxfh wkh odqg ihuwlolw| ehfdxvh ri odqg ryhuxvh1
Doohq dqg Oxhfn +4<<6/ 4<<9, vkrz rq Dphulfdq gdwd krz wudqvdfwlrq frvw frqvlghudwlrqv frxog
h{sodlq wkh ghwhuplqdqwv ri fkrlfhv ehwzhhq fdvk uhqw dqg furs vkduh frqwudfwv1 Wkh lghd ri wkh
wudqvdfwlrq frvw dssurdfk whoolqj wkdw wkh whqdqw dqg wkh odqgorug kdyh glhuhqw lqwhuhvwv lq wkh
h{sorlwdwlrq ri odqg dwwulexwhv dulvhv hqgrjhqrxvo| lq rxu prgho1 Zh lpsohphqw hpslulfdo whvwv
ehwzhhq suhglfwlrqv ri wkh sxuh ulvn vkdulqj prgho +Vwljolw}/ 4<:7, dqg wkh suhvhqw g|qdplf
prgho xvlqj Sklolsslqhv gdwd1 Wkh hpslulfdo vwxg| vkrzv wkdw {hg uhqw frqwudfwv duh suhihuuhg
wr vkduhfursslqj iru prvw ihuwloh sorwv dqg wkdw vkduhfursslqj lv suhihuuhg zkhq fursv lqflwlqj
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wr odqg ryhuxvh/ vxfk dv fruq/ duh jurzq1 Rxu uhvxowv vhhp wr eh urexvw wr ydulrxv vshflfdwlrq
whvwv/ lq sduwlfxodu zlwk uhvshfw wr wkh suhvhqfh ri khwhurjhqhlw| ehwzhhq odqgrzqhuv1 D pdlq
frqwulexwlrq ri wkh sdshu lv dovr wkdw/ xqolnh hpslulfdo vwxglhv rq vkduh whqdqf|/ zh dyrlg wkh
vhohfwlrq eldv ri revhuyhg frqwudfwv +vhohfwhg xsrq sduwlflsdwlrq,/ e| hvwlpdwlqj wkh vlpxowdqhrxv
fkrlfh wr ohdvh rxw dqg ri w|sh ri frqwudfw1 D uhfhqw frqwulexwlrq e| Dfnhuehuj dqg Erwwlflql
+5333, xqghuolqhv d uhodwhg lvvxh frqfhuqlqj wkh srwhqwldo hqgrjhqrxv pdwfklqj ri odqgorugv dqg
whqdqwv lq wkh frqwudfwxdo uhodwlrqvkls1
Vhfwlrq 5 suhvhqwv wkh plfur0hfrqrplf prgho1 Lq vhfwlrq 6/ wkh hpslulfdo vwxg| lpsohphqwv
whvwv ri vrph suhglfwlrqv ri wkh prgho1 Lq vhfwlrq 7/ zh frqfoxgh dqg frpphqw rq wkh ghyho0
rsphqw srolf| lpsolfdwlrqv ri rxu hpslulfdo uhvxowv1 Dfwxdoo|/ dffruglqj wr rxu prgho/ uhirupv
ri frqwudfwxdo lqvwlwxwlrqv pd| kdyh vrph vljqlfdqw lpsdfw rq odqg txdolwlhv1 Lq dgglwlrq wr
wkh xvxdo qhhg iru lqvxudqfh ri uxudo krxvhkrogv/ surylghg e| vkduhfursslqj/ rxu prgho vxjjhvwv
wkdw wkh lpsrvvlelolw| wr frpplw fuhgleo| wr orqj whup djuhhphqwv pd| dovr mxvwli| ohvv lqfhqwlyh
frqwudfwv wr plqlpl}h odqg ryhuxvh lqfhqwlyhv1 Pruhryhu/ zh glvfxvv krz odqgrzqhuv* ghflvlrqv
wr ohdvh rxw odqg pd| eh dhfwhg e| wkh vhw ri srvvleoh frqwudfwv xvhg zklfk lqxhqfh wkh dffhvv
wr odqg iru whqdqwv wkurxjk wkh odqg uhqwdo pdunhw1 Wkh dsshqgl{ lv lq vhfwlrq 81
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Lq wklv vhfwlrq/ zh suhvhqw d Sulqflsdo0Djhqw prgho zlwk prudo kd}dug wdnlqj lqwr dffrxqw wkh
hqgrjhqrxv hyroxwlrq ri odqg ihuwlolw| lq vkduh0whqdqf|1
5141 Surgxfwlrq/ lqirupdwlrq dqg suhihuhqfhv
Wkh djulfxowxudo surgxfwlrq ixqfwlrq lv dvvxphg wr eh olqhdu krprjhqrxv zlwk uhvshfw wr odqg
duhd +dv jhqhudoo| dgplwwhg/ Rwvxnd/ Fkxpd dqg Kd|dpl/ 4<<5,1 Iru d {hg dprxqw ri odqg/
|| lv wkh djulfxowxudo rxwsxw lq shulrg w/ h| dq lqgh{ ri shdvdqw*v zrun hruw ghqhg dv wkh
hflhqw oderu wlph +ghflvlrq yduldeoh,/ dqg {|3 dq lqgh{ ri odqg ihuwlolw| dw wkh hqg ri shulrg
w04 +vwdwh yduldeoh,1 Wkh djulfxowxudo surgxfwlrq ixqfwlrq i lv vxfk wkdw || @ |i +{|3> h|, zkhuh
| lv d pxowlsolfdwlyh srvlwlyh udqgrp yduldeoh zlwk phdq rqh uhsuhvhqwlqj zhdwkhu xqfhuwdlqw|1
G|qdplfv ri odqg ihuwlolw| duh ghvfulehg e| dq lqyhvwphqw ixqfwlrq {| @ %|j +{|3> h|, zkhuh %|
lv d phdq rqh srvlwlyh udqgrp yduldeoh zklfk uhsuhvhqwv zhdwkhu vkrfnv1 Wkh jhqhudo irup ri j
lqfoxghv fdvhv zkhuh {| kdv d wlph lqyduldqw frpsrqhqw uhodwhg wr d sduwlfxodu odqg fkdudfwhulvwlf1
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Zh khuhdiwhu gr wkh iroorzlqj dvvxpswlrq=
Edvlf Dvvxpswlrq i +=> =, lv lqfuhdvlqj lq erwk dujxphqwv dqg joredoo| frqfdyh1 j +=> =, lv
lqfuhdvlqj lq {/ qrq0lqfuhdvlqj lq h dqg joredoo| frqfdyh1
Zh vwxg| wkh uhodwlrqvkls ehwzhhq d odqgrzqhu +Sulqflsdo, dqg d shdvdqw +Djhqw, zkr uhqwv
odqg xqghu d frqwudfwxdo duudqjhphqw1 Wkh surgxfwlrq lv revhuydeoh dqg yhuldeoh1 Djhqw*v df0
wlrqv duh xqrevhuydeoh e| wkh Sulqflsdo/ wkh vrxufh ri prudo kd}dug ehfdxvh prqlwrulqj frvwv duh
dvvxphg surklelwlyho| kljk +Rwvxnd/ Fkxpd dqg Kd|dpl/ 4<<5,1 Zh dvvxph wkdw odqg ihuwlolw|
kdv qr frqwudfwleoh ydoxh ehfdxvh lw lv qrw yhuldeoh wkrxjk revhuydeoh zklfk lv frqvlvwhqw zlwk
wkh fdvxdo revhuydwlrq vkrzv wkdw frqwudfwv duh qhyhu frpsohwh dqg gr qrw lqfoxgh frqglwlrqv
rq odqg ihuwlolw|1 Dw hdfk furs vhdvrq/ wkh odqgrzqhu fdq frqwudfw zlwk d whqdqw iru wkh fxuuhqw
shulrg exw fdqqrw frpplw klpvhoi wr pruh wkdq rqh shulrg1 Wkrxjk qrwklqj suhyhqwv klp wr
vljq djdlq d frqwudfw zlwk wkh vdph whqdqw/ frqwudfwv duh vljqhg iru rqh vhdvrq rqo|21 Wkh
lpsrvvlelolw| wr frpplw lv d vlpsoli|lqj dvvxpswlrq mxvwlhg lq wkh hpslulfdo dssolfdwlrq e| wkh
revhuydwlrq ri d yhu| kljk frqwudfwlqj wxuq ryhu lq wkh Exnlgqrq duhd vwxglhg1
Dffruglqj wr wkh frqwudfw vljqhg/ wkh Sulqflsdo sd|v wkh Djhqw |+||, dw wkh hqg ri furs vhdvrq
w1 Ohw X+|+||,,F +h|, dqg || |+||, ghqrwh wkh Djhqw*v dqg Sulqflsdo*v lqvwdqwdqhrxv xwlolw|
ixqfwlrqv1 F +=, +lqfuhdvlqj/ frqyh{ dqg wzlfh glhuhqwldeoh, lv wkh frvw ri hruw ru lwv glvxwlolw|
dqg X +=, d Yrq Qhxpdqq Prujhqvwhuq xwlolw| ixqfwlrq lqfuhdvlqj dqg frqfdyh1 Wkh Sulqflsdo
lv ulvn qhxwudo1 Djhqw*v xwlolw| lv vhsdudeoh ehwzhhq lqfrph dqg ohlvxuh dqg klv h{rjhqrxv uhvhu0
ydwlrq xwlolw| lv X 1 Zh grq*w prgho h{solflwo| wkh idfw wkdw krxvhkrogv frxog eh erwk odqgorugv
dqg whqdqw zlwk uhvshfw wr glhuhqw sorwv/ wklv kdsshq yhu| vhogrp lq wkh gdwd dqg zh dvvxph
dexvlyho| dqg iru vlpsolflw| wkdw wkhvh ghflvlrqv duh lqghshqghqw1
5151 Lqwhuwhpsrudo rswlpl}dwlrq dqg odqg ydoxh
Dvvxplqj wkdw wkh ghflvlrq fulwhulxp ri odqgrzqhuv ghshqgv rq wkh ydoxh ri wkh h{shfwhg surwv
ghulyhg iurp odqg h{sorlwdwlrq/ zh uvw vwxg| wkh surshuw| dqg ghwhuplqdqwv ri wkh ydoxh ri lq0
frph vwuhdpv1 Wklv zloo khos xv gudz whvwdeoh lpsolfdwlrqv rq odqg whqxuh fkrlfhv e| odqgrzqhuv
dffruglqj wr wkh odqg ydoxh +dq lqirupdwlrq srwhqwldoo| dydlodeoh lq djulfxowxudo gdwd vhwv dqg
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dfwxdoo| lq wkh Sklolsslqhv gdwd xvhg,1
Wkh Sulqflsdo ghvljqv dqg sursrvhv d frqwudfw wkdw pd{lpl}hv klv lqwhuwhpsrudo xwlolw| +dggl0
wlyho| vhsdudeoh zlwk glvfrxqw idfwru  5 ^3> 4^, xqghu wkh Djhqw*v lqfhqwlyh frpsdwlelolw| +LF|,
dqg lqglylgxdo udwlrqdolw| +LU|, frqvwudlqwv=
yf +{, @ Pd{
|E
HD|c0|
S
"
|'f 
| ^||  |+||,`
v=w= ;w  3/
+
HX+|+||,,F +h|,  X +LU|,
h| 5 dujpd{eHX+|+||,,F +h, +LF|,
+4,
Wkh odqgrzqhu*v dowhuqdwlyh wr vhoo wkh odqg lqvwhdg ri frqwlqxlqj wr ohdvh rxw fdq eh uxohg
rxw li zh dvvxph wkdw wkh odqg vdohv pdunhw lv doprvw frpsohwho| lqdfwlyh ehfdxvh ri oltxlglw|
frqvwudlqwv ri srwhqwldo ex|huv dqg lpshuihfw qdqfldo pdunhwve1 Dv +LU|, dqg +LF|, duh shulrg
vshflf/ udqgrp whupv dqg uhvhuydwlrq xwlolw| dvvxphg vwdwlrqdu|/ wkh ydoxh ixqfwlrq y lv d
vroxwlrq wr wkh _Ehoopdq htxdwlrq% lq z+=,=
z +{, @ Pd{
E r| EUcEU-
iH ^|   +|,` . Hz +},j +5,
zkhuh } @ %j +{> h, dqg y +}, uhsuhvhqwv wkh rswlpdo ydoxh wkdw wkh Sulqflsdo fdq jhw dw wkh
ehjlqqlqj ri qh{w shulrg zkhq odqg txdolw| lv htxdo wr }1 Dv wkh wrrov ri frqwudfw wkhru| +vhh
Kduw dqg Kropvwurp/ 4<;:, gr qrw surylgh hqrxjk fkdudfwhul}dwlrq ri wkh rswlpdo frqwudfwv
wr ghulyh irupdo surshuwlhv ri y+1, +lq sduwlfxodu frqfhuqlqj lwv prqrwrqlflw|,/ zh zloo uhvwulfw
wkh dqdo|vlv wr olqhdu frqwudfwvD ri wkh irup +|, @ d| . e zlwk d  3 ehlqj wkh vkduh ri
surgxfwlrq surplvhg wr wkh whqdqw1 Wkh ydoxh ixqfwlrq surshuwlhv zloo eh khosixo wr ghulyh
whvwdeoh lpsolfdwlrqv ri odqgrzqhuv* fkrlfhv dffruglqj wr wkh odqg ydoxh/ revhuyhg lq wkh gdwd/
udwkhu wkdq dq xqrevhuydeoh ihuwlolw| lqgh{1 Zlwk shuihfw lqirupdwlrq/ rqh fdq vkrz hdvlo|
wkdw wkh odqg ydoxh lv dq lqfuhdvlqj dqg frqfdyh ixqfwlrq ri ihuwlolw| {/ dqg xqghu lpshuihfw
lqirupdwlrq +surri lq dsshqgl{ 814,=
Sursrvlwlrq 5141 Zkhq wkh Djhqw lv ulvn qhxwudo/ wkh odqg ydoxh ixqfwlrq lv lqfuhdvlqj dqg
frqfdyh1
Zlwk ulvn qhxwudolw|/ wkh odqg ydoxh hqgrjhqrxvo| ghulyhg lq wkh prgho lv htxdo wr wkh uvw
ehvw rqh zkhuh wkh Djhqw*v hruw lv hqirufhdeoh1 Zkhq wkh Djhqw lv ulvn dyhuvh/ frpsdudwlyh
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L?ih M) @}hU*|h@* UL?|h@U|t
D
i` UL*_ U@** TL? ML?_i_ h@|L?@*|) |L t|u) |t Mi@Lh |c t4T*i ?Ui?|i tUi4it *!i t@h?}
h*it @hi }i?ih@**) Thi@*i?| ? |i iUL?L4) O@h| @?_ OL*4t|hL4 EbH. @h}i |@| | U@? Mi U@ti_ M) ThLM|i
ULt|t Lu h|?} ?|hU@|i UL?|h@U|t M| @*tL M) @ ?ii_ uLh hLMt|?itt | hitTiU| |L L|ih TLttM*i }i?|<t ULUit
OL*4t|hL4 @?_ *}hL4 EbH. tL |@| *?i@h UL?|h@U|t @hi LT|4@* ? @ UL?|?Lt |4i uh@4iLh! i? ihhLht
@hi ?Lh4@* @?_ |i }i?| @t UL?t|@?| @MtL*|i ht! @ihtL?
9
vwdwlfv duh pruh frpsolfdwhg1 Wkhq/ zh fkrrvh vlpsoh dqg sodxvleoh vxflhqw dvvxpswlrqv wr
ghulyh lqwhuhvwlqj whvwdeoh lpsolfdwlrqv1
Dvvxpswlrq 4d Wkh udwlr ie@i lv zhdno| lqfuhdvlqj zlwk ihuwlolw| +
Y
Y%
+ie@i,  3,1
Dvvxpswlrq 4e Wkh udwlr ie@i lv frqvwdqw zlwk ihuwlolw| +
Y
Y%
+ie@i, @ 3,1
Dvvxpswlrq 5 Wkh odqg ihuwlolw| dqg hruw duh frpsohphqwdu| lq surgxfwlrq +ie% 3,1
Dvvxpswlrq 6 Wkh pdujlqdo qhjdwlyh lpsdfw ri hruw rq ihuwlolw| ghfuhdvhv zlwk wkh ihuwlolw|
ohyho +je%  3,1
Wkh surgxfwlrq ixqfwlrqv ri wkh Free0Grxjodv irup vdwlvi| wkh dvvxpswlrqv 4d/ 4e dqg 51
Wkh dvvxpswlrq 6 vd|v wkdw wkh pdujlqdo qhjdwlyh hhfw ri hruw rq ihuwlolw| lv frqvwdqw ru
ghfuhdvlqj zlwk wkh ihuwlolw| ohyho1 Ohvv ihuwloh sorwv duh dovr pruh iudjloh1
Dvvxpswlrq 7 Wklug rughu hhfwv frpsduhg wr vhfrqg rughu rqhv duh qhjoljleoh lq frpsdudwlyh
vwdwlfv1
Wklv dssur{lpdwlrq dvvxpswlrq lv qrw dozd|v qhhghg lq wkh iroorzlqj ri wkh sdshu exw vrph0
wlphv khosv h{klelwlqj vlpsoh fdvhv1 Wkh surri ri wkh sursrvlwlrq lv lq dsshqgl{ 8161
Sursrvlwlrq 5151 Li wkh Djhqw lv ulvn dyhuvh/ xqghu dvvxpswlrqv 4d/ 5/ 6/ 7 ru 4e/ 5/ 6 wkh odqg
ydoxh ixqfwlrq lv lqfuhdvlqj dqg frqfdyh1
5161 Rswlpdo lqfhqwlyhv
Wkh Sulqflsdo*v remhfwlyh lv wr pd{lpl}h wkh h{shfwhg vxp ri wkh fxuuhqw shulrg xwlolw| dqg
wkh ixwxuh glvfrxqwhg odqg ydoxh l1h1 +4 d, |  e . y +}, zkhuh y +=, lv wkh vroxwlrq ri wkh
Ehoopdq htxdwlrq1 Lw lv wkhq hdv| wr vkrz wkdw wkh uvw ehvw frqwudfw frqvlvwv lq hqiruflqj wkh
rswlpdo hruw ohyho hW ghqhg e| wkh iroorzlqj uvw rughu frqglwlrq ieX
3
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S dqg lq sd|lqj wkh Djhqw d {hg zdjh ohdylqj klp zlwk klv uhvhuydwlrq xwlolw|1 Dv
xvxdo/ ixoo lqvxudqfh lv surylghg wr wkh ulvn dyhuvh Djhqw zkloh wkh ulvn qhxwudo Sulqflsdo ehduv
doo wkh ulvn1 Lq wkh fdvh ri lpshuihfw lqirupdwlrq rq Djhqw*v dfwlrq/ zh suryh lq dsshqgl{ 815
wkdw Sduhwr hflhqf| lv dfklhyhg li dqg rqo| li wkh Djhqw lv ulvn qhxwudo dqg wkdw=
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Sursrvlwlrq 5161 Wkh vorsh ri wkh vhfrqg ehvw rswlpdo frqwudfw yhulhv.=
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Zh jhw d wudgh0r ehwzhhq surgxfwlrq lqfhqwlyhv/ ihuwlolw| lqfhqwlyhv dqg vkdulqj ri surgxf0
wlrq ulvn1 Wkh uvw whup htxdov rqh dqg fruuhvsrqgv wr wkh rswlpdo vkduh zkhq wkh whqdqw lv
ulvn qhxwudo dqg ihuwlolw| lv qrw zruwk iru wkh odqgrzqhu +{hg uhqw frqwudfw,1 Wkh vhfrqg whup
fkdudfwhul}hv wkh wudgh0r ehwzhhq lqfhqwlyhv lq surgxfwlrq dqg lqfhqwlyhv lq lqyhvwphqw lq ihu0
wlolw|1 Wkh wklug whup frphv iurp wkh wudgh0r ehwzhhq surgxfwlrq lqfhqwlyhv dqg ulvn vkdulqj1
Vlqfh 40HX

@HX

A3 +X frqfdyh,/ wkh ulvn vkdulqj whup uhgxfhv wkh ydoxh ri dW/ dqg wkh whqdqw
ehduv ohvv ulvn +dsshqgl{ 815 vkrzv wkdw h@A3 lq wkh ulvn qhxwudo fdvh/ exw zlwk ulvn dyhuvlrq/
lqfrph hhfwv pdnh frpsdulvrqv pruh glfxow,1
Dv hruw kdv rssrvlwh lqxhqfhv rq surgxfwlrq dqg rq odqg ihuwlolw|/ wkh rswlpdo frqwudfw kdv
orz srzhuhg lqfhqwlyhv hyhq zlwk ulvn qhxwudolw| +vkduh vpdoohu wkdq rqh, dqg lv qrw d {hg uhqw
dv xvxdo +Vwljolw}/ 4<:7/ Qhzehu| dqg Vwljolw}/ 4<:</ Rwvxnd/ Fkxpd dqg Kd|dpl/ 4<<5, exw d
vkduh frqwudfw zlwk d {hg sduw pdlqwdlqlqj wkh Djhqw wr klv uhvhuydwlrq xwlolw| ohyho1 Wkh ulvn
vkdulqj dujxphqw lv qrw qhfhvvdu| wr h{sodlq vkduh frqwudfwv ehfdxvh lqyhvwphqw lq ihuwlolw| fdq
prwlydwh wkhp1 Wkh rswlpdo frqwudfw ghshqgv rq odqg txdolw| zklfk pd| h{sodlq wkh glhuhqw
sdwwhuqv ri frqwudfwv hyhq zlwkrxw khwhurjhqhlw| lq suhihuhqfhv1 Lw h{sodlqv zk| d odqgrzqhu
pd| ghflgh wr vhoi fxowlydwh ru ohdvh rxw odqg sorwv dqg zk| kh fkrrvhv glhuhqw frqwudfwv iru
glhuhqw sorwv1
5171 Ghflvlrq wr ohdvh rxw
Wr dqdo|}h odqgrzqhu*v fkrlfh wr ohdvh rxw d sorw ri odqg/ zh frpsduh wkh ydoxh ri ghohjdwlrq
+ohdvlqj rxw, dqg ri vhoi fxowlydwlrq iru wkh odqgrzqhuH1
 Glhuhqfh ehwzhhq wkh uvw ehvw +ysK, dqg wkh vhfrqg ehvw ydoxh +yrK, ri wkh odqg ohdvlqj=
Hflhqf| orvv gxh wr wkh Djhqw*v ulvn dyhuvlrq
Li wkh djhqw lv ulvn qhxwudo/ wkh vhfrqg ehvw odqg ydoxh htxdov wkh uvw ehvw ydoxh1 Rwkhuzlvh/
wkh vhfrqg ehvw ydoxh lv orzhu wkdq wkh uvw ehvw rqh ehfdxvh ri wkh ulvn vkdulqj wudgh0r1 Zlwk
dvvxpswlrqv 4e/ 5 dqg 6/ zh kdyh wkh iroorzlqj sursrvlwlrq +surri lq dsshqgl{ 817,=
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Sursrvlwlrq 5171 Xqghu lpshuihfw lqirupdwlrq/ zkhq wkh Djhqw lv ulvn dyhuvh dqg wkh vhfrqg
ehvw hruw lv orzhu wkdq wkh uvw ehvw +l1h1 zkhq kljkhu lqfhqwlyhv lqfuhdvh hruw,/ wkh hflhqf|
orvv lqfuhdvhv zlwk odqg ihuwlolw|1
Wkh vhfrqg ehvw hruw lv olnho| wr eh orzhu wkdq wkh uvw ehvw vlqfh htxdwlrq +6, vkrzv wkdw
wkh ulvn vkdulqj whup zloo jhqhudoo| ohdg wr ohvv lqfhqwlyh frqwudfwv dqg wkhuhiruh wr d vpdoohu
ohyho ri hruw li wkh xwlolw| ixqfwlrq lv vxfk wkdw lqfuhdvlqj lqfhqwlyhv dfwxdoo| ohdgv wr lqfuhdvh
wkh lpsohphqwhg hruw +zklfk lv wkh fdvh jhqhudoo| frqvlghuhg lq wkh vkduh whqdqf| olwhudwxuh,1
 Glhuhqfh lq wkh odqg ydoxdwlrq ehwzhhq ohdvlqj rxw dqg vhoi fxowlydwlrq= Jds ehwzhhq wkh
ydoxdwlrqv ri ihuwlolw| iru vhoi fxowlydwlrq dqg ghohjdwlrq gxh wr wkh dv|pphwu| lq wkh frvw ri
hruw ehwzhhq Sulqflsdo dqg Djhqw
Dq lpsolflw dvvxpswlrq ri wkh Sulqflsdo0Djhqw prgho lv wkdw wkh ghohjdwlrq ri surgxfwlrq lv zruwk
iru wkh Sulqflsdo ehfdxvh lwv frvw ri hruw lv vxflhqwo| odujhu wkdq wkdw ri wkh Djhqw1 Zh dovr
dvvxph wkdw d odqgrzqhu fdq hyhqwxdoo| kluh oderuhuv wr zrun rq klv odqg exw wkdw kh wkhq kdv
wr prqlwru wkhp +rwkhuzlvh wkh| surylgh qr hruw, zklfk lv frvwo| wr wkh odqgrzqhu1 Prghoolqj
h{solflwo| wklv dvvxpswlrq/ zh frpsduh wkh ydoxdwlrq ri vhoi fxowlydwlrq e| wkh odqgrzqhu +yrS,
dqg wkh ydoxdwlrq ri ohdvlqj rxw lq wkh ulvn qhxwudo fdvh +ysK,1
Dvvxpswlrq 8 Wkh pdujlqdo frvw ri hruw ri wkh odqgrzqhu lv odujhu wkdq wkdw ri wkh whqdqw1
Sursrvlwlrq 5181 Xqghu dvvxpswlrqv 5/ 6 dqg 8/ wkh glhuhqfh ehwzhhq wkh ydoxh ri ohdvlqj
rxw odqg wr d ulvn qhxwudo djhqw dqg wkh ydoxh ri vhoi fxowlydwlrq lv lqfuhdvlqj zlwk ihuwlolw|1
Wklv sursrvlwlrq +suryhg lq 818, phdqv wkdw wkh glhuhqfh ehwzhhq wkh ydoxh ri odqg zkhq
wkh odqgrzqhu ghohjdwhv lwv xvh wr d ulvn qhxwudo shdvdqw iru zkrp hruw lv ohvv frvwo| dqg wkh
ydoxh ri vhoi fxowlydwlrq lv lqfuhdvlqj zlwk ihuwlolw|1 Xqghu ulvn qhxwudolw| wkh uvw ehvw lv dfklhyhg
exw dv ihuwlolw| lqfuhdvhv wkh rswlpdo hruw lqfuhdvhv dqg ehfrphv pruh dqg pruh frvwo| iru wkh
odqgrzqhu lq frpsdulvrq wr wkh shdvdqw1
Dvvxph wkdw d odqgrzqhu fkrrvhv wr ohdvh rxw li wkh glhuhqfh yrS0yrK ehwzhhq wkh ydoxh ri vhoi
fxowlydwlrq +yrS, dqg wkh ydoxh ri odqg ghohjdwlrq wr d ulvn dyhuvh Djhqw +yrK, lv orzhu wkdq
vrph xqrevhuyhg odqgrzqhu vshflf hhfw % +d nlqg ri {hg frvw,/ udqgrpo| glvwulexwhg zlwk
fxpxodwlyh glvwulexwlrq ixqfwlrq I 1 Wkh suredelolw| wkdw d odqgrzqhu ohdvhv rxw d sorw ri odqg lv
g +{,@I +yrS +{, 0yrK +{,, dqg wkhq g
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+{,A3 +h{fhsw lq wkh sduwlfxodu fdvh zkhuh wkh ulvn dyhuvh
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Djhqw vxssolhv d kljkhu hruw wkdq lq wkh uvw ehvw,1 Wkh suredelolw| ri ghohjdwlrq fdq lqfuhdvh
ru ghfuhdvh zlwk odqg ihuwlolw| dffruglqj wr zklfk ri erwk whupv grplqdwhv1 Lw ghfuhdvhv zkhq
wkh hflhqf| orvv ri ghohjdwlrq grplqdwhv wkh ydoxdwlrq jds gulyhq e| wkh glhuhqfh lq hruw
frvw ehwzhhq erwk sduwlhv1 Lq wklv fdvh/ wkh odqgrzqhu*v suhihuhqfh wr vhoi fxowlydwh lqfuhdvhv
hyhq li lw lv pruh frvwo| iru klp ehfdxvh wkh hflhqf| orvv ri wkh ghohjdwlrq lv wrr kljk1
Lq dgglwlrq/ zkhq wkh Djhqw lv ulvn qhxwudo/ y
rS
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rS
+{,0y
sK
+{,?3/ wkh suredelolw|
ri ghohjdwlrq iru d sorw ri odqg lqfuhdvhv zlwk lwv ihuwlolw| +wklv suhglfwlrq grhv qrw ghshqg rq
zkhwkhu wkh odqgrzqhu fduhv derxw ixwxuh ihuwlolw|,1 Wkh hpslulfdo vwxg| ri wkh suredelolw| ri
ghohjdwlrq +ohdvlqj rxw, zlwk uhvshfw wr wkh odqg ydoxh fdq wkhq surylgh dq hpslulfdo whvw ri wkh
suhvhqfh ri ulvn dyhuvlrq1
5181 Suhglfwlrqv dqg whvwdeoh lpsolfdwlrqv
Lw vhhpv lpsruwdqw wr whvw li wkh lqfoxvlrq ri ihuwlolw| g|qdplfv lq wkh vkduh0whqdqf| prgho lv
hpslulfdoo| uhohydqwB Wkh fruuhodwlrq ehwzhhq frqwudfw lqfhqwlyhv dqg odqg ydoxh frxog ehkdyh
dffruglqj wr wkh h{lvwlqj fdqrqlfdo prgho ri Vwljolw} +4<:7,1 Wkh frpsohwh frpsdudwlyh vwdwlfv
iru wkh frpsduhg suhglfwlrqv duh lq dsshqgl{ 819 dqg vxppdul}hg lq wkh iroorzlqj,1
Iluvw/ wkh rswlpdo lqfhqwlyhv ri wkh frqwudfw ghshqg rq wkh srvvlelolw| ri odqg ryhuxvh dqg rq
lwv ihuwlolw| ohyho1 Wklv suhglfwlrq ghshqgv rq wkh whfkqrorjlfdo dvvxpswlrqv pdgh rq i dqg j
dqg lq sduwlfxodu rq wkh idfw wkdw hruw kdv d qhjdwlyh hhfw rq ihuwlolw| +je?3,1 Lq wkh fdvh
zkhuh hruw lv ihuwlolw| qhxwudo +je@3, wkhq wkh suhglfwlrqv duh h{dfwo| wkh vdph dv wkdw ri wkh
sxuh vwdwlf ulvn vkdulqj prgho +d od Vwljolw},1 Wklv zloo eh lpsruwdqw lq wkh hpslulfdo whvwv vlqfh
whfkqrorjlfdo hhfwv dfurvv fursv pd| eh glhuhqw1
Xqghu ulvn qhxwudolw|/ vkduhfursslqj lv rswlpdo dqg wkh rswlpdo vkduh ri surgxfwlrq jrlqj wr
wkh whqdqw lv lqfuhdvlqj zlwk odqg ihuwlolw|1 Dfwxdoo|/ zlwk vrph whfkqlfdo frqglwlrqv ru vlpso|
li ihuwlolw| dqg oderu duh vhsdudeoh ru vxevwlwxwhv lq wkh surgxfwlrq ixqfwlrq +zklfk lv wkh fdvh
iru Free0Grxjodv ixqfwlrqv, dqg li je% 3 +phdqlqj wkdw wkh pdujlqdo qhjdwlyh lpsdfw ri hruw
rq ihuwlolw| ghfuhdvhv zlwk wkh ihuwlolw| ohyho/ lw fdq eh vhhq dv d irupdo frqvhtxhqfh ri iudjloh
odqgv zklfk fdq eh pruh gdpdjhg wkdq ehwwhu rqhv,/ wkhq d+=, zloo eh lqfuhdvlqjb1 Ilqdoo|/ li
wkh whqdqw lv ulvn dyhuvh +iru h{dpsoh zlwk Frqvwdqw Devroxwh Ulvn Dyhuvlrq xwlolw|,/ zh vkrz
wkdw wkh rswlpdo lqfhqwlyhv duh olnho| wr ghfuhdvh zlwk odqg ihuwlolw| lq wkh sxuh ulvn vkdulqj
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prghof1 Rswlpdo lqfhqwlyhv lqfuhdvh zlwk odqg ihuwlolw| li wkh surgxfwlrq2lqyhvwphqw wudgh0r/
gxh wr wkh pdujlqdo odqg ydoxh lqxhqfh/ grplqdwhv wkh ulvn vkdulqj wudgh0r1 Wkh suredelolw|
wkdw d odqgrzqhu ohdvhv rxw d sorw ri odqg fdq eh lqfuhdvlqj ru ghfuhdvlqj zlwk lwv ihuwlolw| ohyho
exw lv lqfuhdvlqj li wkh Djhqw lv ulvn qhxwudo1
WDEOH 4 KHUH
Wkh Wdeoh 4 vkrzv wkh suhglfwlrqv rq wkh rswlpdo fkrlfhv +ohdvlqj rxw dqg frqwudfw, dffruglqj
wr { zklfk duh wkh vdph zlwk uhvshfw wr odqg ydoxh vlqfh zh vkrzhg wkdw lw lv dq lqfuhdvlqj
ixqfwlrq ri { lq rxu vwuxfwxudo prgho1 Wkh odqgrzqhu frpsduhv wkh ydoxh ri ghohjdwlrq zlwk wkh
pd{lpxp ydoxh ri ghohjdwlqj e| vkduhfursslqj ru e| {hg uhqw1 Li d odqgrzqhu ghflghv wr ohdvh
rxw/ lw fdq eh wkurxjk d vkduhfursslqj frqwudfw ru d {hg uhqw frqwudfw1 Lq wklv vlpxowdqhrxv
fkrlfh iudphzrun/ zh ri frxuvh grq*w revhuyh zkdw zdv wkh suhihuuhg irup ri frqwudfw ri d
odqgrzqhu zkr ghflghg qrw wr ohdvh rxw/ exw wklv fdq eh dffrxqwhg iru lq wkh hfrqrphwulfv1
Wkhvh suhglfwlrqv rq wkh ghwhuplqdqwv ri wkh mrlqw fkrlfh doorz wr shuirup whvwv ehwzhhq wkh
frpshwlqj prghov dqg wr ghwhuplqh zklfk ri wkh 7 dowhuqdwlyhv ehvw udwlrqdol}hv wkh gdwd1 Dv
lv jhqhudoo| lpsolflwo| grqh lq prvw hpslulfdo vwxglhv/ zh dvvxph wkdw whqdqwv* suhihuhqfhv duh
krprjhqhrxv ehfdxvh zh grq*w revhuyh wkhlu fkdudfwhulvwlfv lq wkh gdwd1
Lw lv zruwk qrwlqj wkdw zh ghulyhg furvv vhfwlrqdo suhglfwlrqv iurp rxu g|qdplf prgho lq
rughu wr fkhfn zkhwkhu hpslulfdo hylghqfh vxssruwv lw1 Krzhyhu/ wkh lpsruwdqfh ri g|qdplfv/
olnh f|fohv/ lq wkh ghflvlrqv wr ohdyh odqg idoorz lv qrw uxohg rxw 1 Wkh rswlpdo whqxuldo0fxowlydwlrq
fkrlfh +vkduhfursslqj ru {hg uhqw li wkh odqgrzqhu ghflghv wr ohdvh rxw dqg rzq fxowlydwlrq ru
ohdylqj odqg idoorz rwkhuzlvh, ghshqgv rq wkh ihuwlolw| ohyho zklfk fkdqjhv ryhu wlph1 Dv ihuwlolw|
fdq lqfuhdvh ru ghfuhdvh iurp rqh shulrg wr wkh rwkhu/ lw fdq jlyh ulvh wr glhuhqw vfkhphv ri
ihuwlolw| dqg odqg whqxuh g|qdplfv1 Wkh prgho lv deoh wr jhqhudwh ihuwlolw| f|fohv dqg f|folfdo
sdwwhuqv ri odqg doorfdwlrq dqg idoorz1 Lw lv frpprqo| dgplwwhg wkdw ohdylqj odqg idoorz lv
jhqhudoo| lqwhqghg wr ohw wkh vrlo uhvw zkhq ihuwlolw| lv orz1 Wkh prgho jlyhv d srvvleoh udwlrqdoh
wr wkh revhuyhg f|folfdo ehkdylruv wkdqnv wr ihuwlolw| g|qdplfv +Gxerlv/ 4<<;e,1
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Wkh pdlq uhohydqw txhvwlrq frqfhuqv wkh hpslulfdo uhohydqfh ri rxu g|qdplf prgho/ dqg zkhwkhu
lw fdq eh glvwlqjxlvkhg iurp wkh fdqrqlfdo iudphzrun +Vwljolw}/ 4<:7, ru iurp rwkhu h{lvwlqj prg0
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hov h{sodlqlqj whqdqf| frqwudfwv +Doohq dqg Oxhfn/ 4<<6,1
Dprqj wkh ihz vwxglhv rq vkduhfursslqj fdulqj derxw odqg txdolw|/ Dl hw do1 +4<<9, dqg Vkdedq
+4<;:, lqfoxgh vrlo w|sh dqg luuljdwlrq fkdudfwhulvwlfv dv h{sodqdwru| yduldeohv wr frqwuro iru
wklv nlqg ri khwhurjhqhlw|1 Lq d wudqvdfwlrq frvwv prgho zlwk ulvn qhxwudolw|/ Doohq dqg Oxhfn
+4<<5/ 4<<6/ 4<<9, srlqw rxw wkh lpsruwdqfh ri wkh glhuhqfh ehwzhhq iduphu*v shufhlyhg frvw
ri odqg dqg lwv wuxh frvw1 Xvlqj XV gdwd rq djulfxowxudo frqwudfwv/ wkh| qg wkdw wkh sured0
elolw| ri d vkduhfursslqj frqwudfw lqfuhdvhv zlwk wkh srvvlelolw| ri vrlo ryhuxvh e| wkh iduphu1
Dfwxdoo|/ fxowlydwlqj urz fursv +vxfk dv fruq, lv pruh olnho| wr lqgxfh h{fhvvlyh wloolqj zklfk
udlvhv surgxfwlrq lq wkh vkruw uxq exw dovr ohdgv wr zlqg hurvlrq/ qxwulhqw ghsohwlrq dqg orvv
ri prlvwxuh lq wkh hogv1 Rq wkh rwkhu kdqg/ luuljdwlrq lv qhjdwlyho| uhodwhg wr wkh suredelolw|
ri vkduhfursslqj ehfdxvh luuljdwhg odqg fdqqrw eh ryhuxvhg e| wkh iduphu1 Wkh hfrqrphwulf
vwxg| ri Doohq dqg Oxhfn pd| vxhu iurp hqgrjhqhlw| eldvhv exw lw uhpdlqv yhu| lqvljkwixo rq
wkh ydulrxv idfwruv ghwhuplqlqj whqdqf| irupv1 H{fhsw wkh sdshuv ri Doohq dqg Oxhfn/ hpslulfdo
vwxglhv derxw vkduhfursslqj jhqhudoo| uho| rq gdwd rq whqdqwv* ehkdylru/ dqg yhu| ihz xvh gdwd
rq odqgrzqhuv1 Zh zdqw wr dvvhvv wkh uhodwlrqvkls ehwzhhq odqg txdolw|/ surgxfwlrq whfkqrorj|
+ghshqglqj rq wkh fxowlydwhg furs, dqg frqwudfw e| orrnlqj dw odqgrzqhu*v ghflvlrqv1
6141 Ihdwxuhv ri wkh vxuyh|hg uxudo duhd
Wkh Sklolsslqhv gdwd duh gudzq iurp d vxuyh| frqgxfwhg e| LISUL dqg ULPF lq wkh Vrxwk
Exnlgqrq Surylqfh ri Plqgdqdr1 Wkh vdpsoh frqvlvwv lq 77; krxvhkrogv iurp whq yloodjhv21
Lqirupdwlrq lv dydlodeoh rq odqg whqxuh dqg odqg rzqhuvkls/ ghprjudsklf fkdudfwhulvwlfv/ frq0
vxpswlrq dqg qxwulwlrq/ dvvhw rzqhuvkls/ r idup oderu vxsso|1 Wdeoh 5 jlyhv ghvfulswlyh vwdwlv0
wlfv ri wkh yduldeohv1 Hdfk krxvhkrog zdv lqwhuylhzhg irxu wlphv dw irxu prqwk lqwhuydov1 D
uhpdundeoh ihdwxuh ri wkhvh gdwd lv wkdw dq hvwlpdwh e| wkh rzqhu ri wkh ydoxh ri hdfk sorw xqghu
hdfk whqdqf| vwdwxv lv dydlodeoh1 Dv vkrzq e| Erxlv dqg Kdggdg +4<<3,/ odqg frqwudfwv ehwzhhq
odqgorugv dqg whqdqwv duh iuhtxhqw lq wklv uxudo duhd1 Lw lv wr eh qrwhg wkdw wkh Sklolsslqhv
odqg uhirup uhtxlulqj wkh wudqvirupdwlrq ri vkduh whqdqf| wr ohdvhkrog whqdqf| kdv ehhq vorz wr
lpsohphqw dqg lwv dssolfdwlrq lv yhu| glvsdudwh dfurvv lvodqgv ri wkh dufklshodjr1 Rwvxnd +4<<4,
vwxglhv wkh frqvhtxhqfhv ri wkh odqg uhirup ghfuhh ri 4<:5 lq Ox}rq dqg Sdqd| Lvodqgv gxulqj
wkh odwh vhyhqwlhv dqg wkh hljkwlhv1 Lq Plqgdqdr/ lwv lpsohphqwdwlrq kdsshqhg pxfk pruh odwhu1
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Lq sduwlfxodu/ lw kdg qrw |hw ehhq lpsohphqwhg dw wkh wlph ri wkh vxuyh| +4<;704<;8, lq wkh
Exnlgqrq uhjlrq1 Wkh iuhtxhqf| ri vkduh whqdqf| lq rxu vdpsoh dovr suryhv lw1
WDEOH 5 KHUH
Lq wklv Sklolsslqhv uhjlrq/ odqg wudqvdfwlrqv duh uduh dqg dffhvv wr fuhglw lv doprvw lpsrvvl0
eoh1 Lq rxu vdpsoh/ dyhudjh rzqhg odqg duhdv ryhu doo krxvhkrogv duh vpdoo +derxw 5144 khfwduhv
e| krxvhkrog ru 3159 khfwduhv e| shuvrq, dqg pruh wkdq 8:( ri krxvhkrogv duh odqgohvv1 Wkh
dyhudjh rzqhg duhd ri odqgrzqhuv lv pruh wkdq 914 khfwduhv1 Pruhryhu wkh dyhudjh srsxodwlrq
ghqvlw| lq wkh uxudo duhd vwxglhg lv 47< lqkdelwdqwv e| np2 vr wkdw odqg lv d vfdufh idfwru ri
surgxfwlrq1 Wkhuh duh vsrw pdunhwv iru zdjh oderu1 Lq wkh frqwudfwxdo uhodwlrqvkls/ odqg ehlqj
vfdufh zkloh oderu lv dexqgdqw/ odqgrzqhuv kdyh prqrsvrq| srzhu rq wkh oderu pdunhw dqg
prqrsro| srzhu rq wkh odqg pdunhw1 Wkh dvvxpswlrq wkdw odqgorugv duh pxfk ohvv ulvn dyhuvh
wkdq whqdqwv fdq eh vxssruwhg e| wkh idfw wkdw/ lq wkh vxuyh|hg duhd/ prvw odqgorugv rzq vhyhudo
sorwv ri odqg uhqwhg rxw dw {hg uhqw ru rq d vkduh edvlv dqg pruhryhu wkh dyhudjh uhdo lqfrph
shu fdslwd ri whqdqwv dqg zdjh oderuhuv lv kdoi wkdw ri krxvhkrogv zkr rzq vrph sorw ri odqg
+S5:1: djdlqvw S8417 shu zhhn,1 Odqgorugv duh uhdoo| ulfkhu wkdq ohdvlqj lq whqdqwv1 Wkhvh
ghvfulswlyh ihdwxuhv vxssruw wkh xvh ri d sduwldo htxloleulxp dqdo|vlv dqg wkh Sulqflsdo0Djhqw
iudphzrun1
Ehvlghv/ Erxlv dqg Kdggdg +4<<3, uhsruw wkdw odqg ihuwlolw| lv dq lpsruwdqw idfwru lq wkh gh0
whuplqdwlrq ri |lhogv dqg djulfxowxudo lqfrphv1 Wkh| uhsruw wkdw/ dffruglqj wr d yhu| odujh
pdmrulw| ri shdvdqwv/ odqg ihuwlolw| ghfuhdvhg ryhu wkh 4<93*v wr wkh 4<;3*v/ dqg wkdw fruq |lhogv
kdg gudpdwlfdoo| idoohq gxh wr ihuwlolw| ghfuhdvh1 Frqvhtxhqwo|/ djulfxowxudo lqfrphv ihoo dqg
doprvw doo odqgrzqhuv zhuh dzduh ri wklv sureohp1 Pdlqwdlqlqj odqg txdolw| lv d vhqvlwlyh lvvxh1
Odqg ydoxh fohduo| ghshqgv rq lwv ihuwlolw|1 Lw vhhpv ohjlwlpdwh wr frqvlghu wkdw wkh pdqdjhphqw
ri wkh ihuwlolw| ri wkh odqg lv dq lpsruwdqw lvvxh lq wkh hfrqrplf dqg rujdql}dwlrqdo fkrlfhv
ri odqgrzqhuv1 Vkduhfursslqj lv sudfwlfhg xvlqj glhuhqw surgxfwlrq vkduhv1 Lq wkh hpslulfdo
dqdo|vlv/ zh kdyh wr srro doo vkduhfursslqj frqwudfwv lq wkh vdph fdwhjru| ehfdxvh wkh gdwd gr
qrw surylgh wkh vkduh udwhv iru uhqwhg rxw sorwv ri odqg1 Wkdqnv wr wkrvh uhsruwhg rqo| iru wkh
uhqwhg lq sorwv ri odqg/ zh nqrz krzhyhu wkdw wkuhh suhydohqw vkdulqj uxohv duh xvhg 427/ 426
dqg 425 iru wkh vkduhfursshu1 Zh vwxg| wkh ohdvlqj rxw ehkdylru ri odqgrzqhuv wr whvw rxu
prgho djdlqvw srvvleoh dowhuqdwlyhv1 Zh rqo| glvwlqjxlvk ehwzhhq wzr v|vwhpv ri ohdvlqj rxw=
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{hg uhqw frqwudfwv dqg vkduhfursslqj frqwudfwv ehfdxvh zh fdqqrw wdnh lqwr dffrxqw wkh ydoxh
ri wkh vkduh udwlrv1 D ihz revhuydwlrqv rq odqgrzqhuv frxog qrw eh xvhg ehfdxvh ri lqfrqvlvwhqw
uhvsrqvhv +qlqh fdvhv,1 Dffruglqj wr Erxlv dqg Kdggdg +4<<3,/ wkuhh pdlq fursv duh jurzq lq
wkh Sklolsslqhv duhd vwxglhg= fruq +gu|,/ vxjdu dqg ulfh +jhqhudoo| xvlqj luuljdwlrq v|vwhpv,1
Wkh wkhruhwlfdo prgho ghyhorshg deryh frqvlghuv wkh fdvh ri vkruw whup frqwudfwv rqo|1 Wkrxjk
orqj whup frqwudfwv zrxog plwljdwh wkh frqlfw ri lqwhuhvw ehwzhhq sduwlhv lq wkh odqg pdlqwh0
qdqfh1 Krzhyhu/ wkh whupv ri wkh frqwudfwv riwhq fkdqjh exw zh gr qrw nqrz li lw lv d uhqhjr0
wldwlrq zlwk wkh vdph whqdqw ru li wkh whqdqw kdv fkdqjhg1 Iru h{dpsoh/ gxulqj wkh vxuyh|/ wkh
iuhtxhqf| ri prglhg vkduhfursslqj frqwudfwv shu |hdu zdv htxdo wr 85( dqg wkh iuhtxhqf| ri
prglhg {hg uhqw frqwudfwv zdv htxdo wr 7:(1 Xqiruwxqdwho|/ zh gr qrw kdyh wkh gxudwlrq ri
frqwudfwv lq rxu gdwd1 Krzhyhu/ wkhvh odujh udwhv duh olnho| wr uhhfw wkdw frqwudfwv duh jhqhudoo|
vkruw whup hyhq li zh fdqqrw vwulfwo| frqwuro iru wkh khwhurjhqhlw| ri frqwudfwv ohqjwkv lq wkh
hvwlpdwlrqv1
6151 Lqfhqwlyhv/ odqg ydoxh dqg fursslqj v|vwhp
Lq wkh fdvh ri fruq/ lqfhqwlyhv wr surgxfh duh edg iru odqg txdolw| zkloh wkh| duh qrw ri pxfk
lpsruwdqfh lq wkh surgxfwlrq ri ulfh ru vxjdu1 Wkhq/ wkh prgho suhglfwv wkdw lqfhqwlyhv pxvw
eh vpdoohu iru fruq surgxfwlrq dqg wkdw iru fruq/ d odujhu rxwsxw vkduh vkrxog eh jlyhq wr wkh
whqdqw zkhq wkh odqg txdolw| lv ehwwhu1
Wkh ydoxh ri hdfk sorw lv hydoxdwhg e| wkh odqgrzqhu +wkh odqg ydoxh shu khfwduh lv xvhg,1 Zh whvw
zkhwkhu wkh olnholkrrg ri {hg uhqw yhuvxv vkduh frqwudfwv lv lqfuhdvlqj zlwk odqg ydoxh xvlqj d
Surelw vshflfdwlrq +vrph suholplqdu| qrq sdudphwulf whvwv ri lqghshqghqfh ri wkh glvwulexwlrq
ri frqwudfwv dprqj wkh odqg ydoxh txdqwloh vwurqjo| uhmhfw wkh lqghshqghqfh phdqlqj wkdw wkh
frqwudfw fkrlfh lv dfwxdoo| fruuhodwhg zlwk odqg ydoxh,1 Wkh lqfuhdvlqj uhodwlrqvkls ehwzhhq y+{,
dqg { doorzv wr lpsohphqw wkh hpslulfdo whvwv zlwk wkh odqg ydoxh lqvwhdg ri wkh xqrevhuyhg
ihuwlolw| lqgh{ zlwkrxw prgli|lqj wkh suhglfwhg vljqv ri frhflhqwv1
WDEOH 6 KHUH
Dv vkrzq lq Wdeoh 6/ lq wkh ghflvlrq ri odqgorugv/ d vkduhfursslqj frqwudfw lv pruh olnho|
zkhq fruq lv surgxfhg wkdq iru ulfh ru rwkhu surgxfwlrqv +wkh uhihuhqfh furs lv vxjdu dqg rwkhu
fursv,1 Wklv uhvxow lv frqvlvwhqw zlwk wkh suhglfwlrq wkdw lq wkh fdvh ri fruq surgxfwlrq wkh
ulvn ri vrlo h{sorlwdwlrq e| wkh uhqwhu ohdgv wkh odqgrzqhu wr sursrvh d ohvv lqfhqwlyh frqwudfw
+vkduhfursslqj djdlqvw {hg uhqw,1 Iru ehwwhu odqgv/ wkh suredelolw| ri {hg uhqw udwkhu wkdq
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vkduh0whqdqf| lqfuhdvhv1 Dv wkh frqwudfw fkrlfh pd| ghshqg dovr rq odqgrzqhu*v ulvn suhihu0
hqfhv/ zh lqwurgxfh vrph revhuydeoh fkdudfwhulvwlfv zklfk duh olnho| wr eh fruuhodwhg zlwk ulvn
dyhuvlrq lq rughu wr frqwuro iru wklv khwhurjhqhlw|1 Dv h{rjhqrxv djulfxowxudo ulvn frxog eh
glhuhqw ehwzhhq duhdv ehfdxvh ri folpdwlf dqg rwkhu hqylurqphqwdo glhuhqfhv/ zh lqfoxghg
yloodjh gxpplhv lq doo wkh surelw uhjuhvvlrqv1 Vhyhudo vshflfdwlrq whvwv olnh whvwlqj iru rplw0
whg yduldeohv/ krprvfhgdvwlflw|e kdyh ehhq pdgh +Gxerlv/ 4<<;d, dqg doorzhg wr ydolgdwh wkh
hvwlpdwlrq1 Pruhryhu/ hvwlpdwlrqv ri qlwh vdpsoh eldv zlwk errwvwuds dqg lqgluhfw lqihuhqfh
whfkqltxhv vkrzhg wkdw wkh lqihuhqfh lv urexvw1
Furs vshflf hhfwv
Frqglwlrqdo/ rq wkh whfkqrorj|/ li wkh surgxfwlrq hruw lv gdpdjlqj iru odqg/ dv frpprqo|
dgplwwhg iru fruq surgxfwlrq/ wkhq wkh rswlpdo vkduh ri surgxfwlrq vkrxog eh vwulfwo| vpdoohu
wkdq rqh dqg eh lqfuhdvlqj zlwk odqg txdolw|1 Dv wkh surgxfwlrq ixqfwlrq dqg ihuwlolw| g|qdplfv
ghshqg rq fxowlydwhg fursv/ zh dqdo|}h wkh frqwudfw fkrlfh e| ghfrpsrvlqj wkh odqg ydoxh zlwk
furs gxpplhv1 Dv vkrzq/ wkh olnholkrrg ri d {hg uhqw frqwudfw djdlqvw vkduhfursslqj lv orzhu
iru fruq surgxfwlrq wkdq iru ulfh ru vxjdu surgxfwlrq dqg lv kljkhu iru kljkhu odqg ydoxhv1
Lv wkhuh d eldv iurp wkh hqgrjhqhlw| ri furs fkrlfhvB
Lw frxog eh dujxhg krzhyhu wkdw dv wkh furs fxowlydwhg rq wkh ohdvhg rxw sorw lv d ghflvlrq yduldeoh
iru odqgrzqhuv ru iduphuv/ wkhuh lv vrph hqgrjhqhlw| eldv lq wkh hvwlpdwhv ri Wdeoh 61 Wr fkhfn
li wkh hqgrjhqhlw| ri furs fkrlfhv dfwxdoo| eldvhv wkh frhflhqwv/ zh whvw vwdwlvwlfdo h{rjhqhlw|1
Wkh whvw frqvlvwv lq uhfdvwlqj wkh prgho lq d wzr glphqvlrqdo rqh1
Lq d uvw vwhs/ rqh lpsohphqwv d Odjudqjh Pxowlsolhu whvw +, ri qr fruuhodwlrq ehwzhhq furs
fkrlfh F dqg frqwudfw fkrlfh |2 lqfoxglqj h{rjhqrxv _lqvwuxphqwdo% yduldeohv } lq wkh furs
ghwhuplqdwlrq1 Wklv vwhs whvwv wkh odfn ri vlpxowdqhrxv htxdwlrq eldv lq wkh frqwudfw fkrlfh1 Lq
d vhfrqg vwhs/ zh whvw wkh ydolglw| ri lqvwuxphqwv e| dqrwkhu vfruh whvw +, ri qxoolw| ri wkh frhi0
flhqwv ri wkh lqvwuxphqwdo yduldeohv lq wkh frqwudfw htxdwlrq l1h1 zh whvw wkh h{foxvlrq ri wkhvh
} iurp wkh frqwudfw fkrlfh ehfdxvh wkh| frxog eh rplwwhg yduldeohv lq wkh frqwudfw fkrlfh1 Wklv
vwhs lv dq ryhu0lghqwli|lqj uhvwulfwlrqv whvw1 Krzhyhu/ li zh gr qrw zdqw wr h{foxgh duelwudulo|
vrph h{rjhqrxv yduldeohv ri rqh ru dqrwkhu htxdwlrq ri wkh elyduldwh glvfuhwh fkrlfh prgho ri
frqwudfw dqg furs/ wkhq lwv lghqwlfdwlrq uholhv rq wkh qrupdolw| dvvxpswlrq ri uhvlgxdov1 Frqvh0
txhqwo|/ wkh whvw ri h{foxvlrq ri vrph _lqvwuxphqwv% lq wkh furs fkrlfh htxdwlrq uholhv lpsolflwo|
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rq qrupdolw| xqohvv zh h{foxgh duelwudulo| vrph rwkhu h{rjhqrxv yduldeohv zklfk lv qrw whvwdeoh
+xqohvv/ djdlq/ zh wuxvw lghqwlfdwlrq iurp qrupdolw|,1 Lpsohphqwlqj wkh whvwv hlwkhu e| uho|lqj
rq qrupdolw| ru e| h{foxglqj vrph h{rjhqrxv h{sodqdwru| yduldeohv/ zklfk glg qrw dsshdu wr
kdyh d vljqlfdqw hhfw +lq wkh hvwlpdwlrq uho|lqj rq qrupdolw|,/ zh irxqg wkh vdph txdolwdwlyh
uhvxowv
D
1 Wkh ruwkrjrqdolw| whvwv suhvhqwhg duh wkrvh h{foxglqj wkh glvwdqfhv iurp wkh frqwudfw
fkrlfh htxdwlrq wr hvwlpdwh wkh furs fkrlfh htxdwlrq1 Wkh fruuhvsrqglqj ryhulghqwli|lqj whvw
vkrzv wkdw glvwdqfh yduldeohv duh qrw rplwwhg lq wkh frqwudfw fkrlfh htxdwlrq zkhq frqvlghulqj
wkdw fursv duh wuxo| vwdwlvwlfdoo| h{rjhqrxv lq wkh frqwudfw htxdwlrq1 Ri frxuvh/ wklv sduw ri wkh
whvw dvvxphv hlwkhu wkdw wkh elyduldwh surelw glvfuhwh fkrlfh lv fruuhfwo| lghqwlhg +qrupdolw|
ri huuru whupv ohdglqj wr dffhsw huurqhrxvo| h{rjhqhlw|, ru wkdw vrph h{rjhqrxv yduldeohv duh
h{foxghg iurp rqh htxdwlrq dw ohdvw +zklfk lv qrw whvwdeoh zlwkrxw uho|lqj rq qrupdolw| exw lv
frqvlghuhg wr surylgh d pruh urexvw lghqwlfdwlrq ri wkh elyduldwh surelw prgho,1
Wkh uhvxowv ri wkhvh ruwkrjrqdolw| whvwv iru fruq duh lq Wdeoh 6 dqg vkrz wkdw zh fdqqrw uhmhfw
wkh k|srwkhvlv ri qr vlpxowdqhlw| eldv1 Wkh vdph whvwv pdgh lq wkh fdvh ri ulfh doorz xv qrw wr
uhmhfw wkh qxoo k|srwkhvlv zlwk hyhq pruh frqghqfh1
Wkh glvwdqfh yduldeohv zklfk vwurqjo| ghwhuplqh wkh furs jurzq duh dovr lqfoxghg lq wkh frq0
wudfw htxdwlrq dv vkrzq lq wkh uvw wzr froxpqv ri Wdeoh 6 zlwk ru zlwkrxw wkh furs gxpp|
yduldeohv1 Lq erwk fdvhv/ wkhlu dsshdu qrq vljqlfdqw dqg gr qrw uhpryh wkh odqg ydoxh hhfw1
Zh kdyh qr vwuxfwxudo prgho wkdw jlyhv d phdqlqj wr wkh vljq ri yduldeoh frhflhqwv lq wkh
dx{loldu| htxdwlrq iru furs exw zh fdq jlyh vrph lqwhusuhwdwlrq1 Dfwxdoo|/ lw vhhpv wkdw wkh furs
fxowlydwhg ghshqgv rq orfdwlrq +glvwdqfhv duh sur{| yduldeohv,1 Lw fdq eh d frqvhtxhqfh ri wkh
glhuhqfh lq surwdelolw| ru ulvnlqhvv ri fruq surgxfwlrq yhuvxv vxjdu surgxfwlrq zklfk ghshqgv
rq wkh orfdwlrq ri odqgrzqhuv1 Dfwxdoo|/ vxjdufdqh lv pruh surwdeoh wkdq fruq +vhh Erxlv dqg
Kdggdg/ 4<<3, rqo| li fxowlydwhg qhdu wkh vxjdu ploo1
Odqgrzqhuv xqrevhuyhg vshflf hhfwv
Lq uhodwlrq wr wkh prgho/ khwhurjhqhlw| lq ulvn dyhuvlrq ru lq wlph suhihuhqfhv ohdgv wkhruhwlfdoo|
wr glhuhqw fkrlfhv uhvxowlqj iurp wkh wudgh r ehwzhhq ulvn vkdulqj/ surgxfwlrq dqg ihuwlo0
lw| lqyhvwphqw1 Lq rughu wr dffrxqw iru wkh khwhurjhqhlw| ri odqgrzqhuv/ zh lqwurgxfh vrph
odqgrzqhuv vshflf hhfwv lq wkh odwhqw prgho zulwlqj= d| @ {| . d . x| zkhuh d| lv wkh
lqfhqwlyh vorsh ri wkh frqwudfw jlyhq e| odqgorug l rq sorw m dw wlph w1 Wkh revhuydwlrq ri glhu0
hqw frqwudfwv rq glhuhqw sorwv ri d vdph odqgrzqhu doorzv xv wr frpsxwh d _zlwklq0odqgrzqhu
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ehwzhhq0sorwv% hvwlpdwh1 Vxssrvlqj wkdw wkh vshflf hhfw lv udqgrpo| qrupdoo| glvwulexwhg lq
wkh srsxodwlrq ri odqgrzqhuv/ zh fdq hvwlpdwh d udqgrp hhfwv surelw prgho1 Ehfdxvh wlph
yduldwlrq lv qrw vxflhqw iru wkh dojrulwkp wr frqyhujh/ zh fdqqrw hvwlpdwh wkh udqgrp hhfwv
surelw zlwk shulrg0vshflf hhfwv dqg rqo| wlph gxpplhv duh xvhg1 Wdeoh 6 vkrzv wkdw wkh
hpslulfdo uhvxowv uhpdlq urexvw wr wkhvh xqrevhuyhg odqgorugv* vshflf hhfwv1
Ilqdoo|/ zh ghgxfh wkdw wkh fdqrqlfdo prgho lv lqvxflhqw wr h{sodlq wkh hpslulfdo qglqjv
zkhuhdv rxu prgho lv frqvlvwhqw zlwk hpslulfdo uhjxodulwlhv +dv orqj dv wkh dvvxpswlrqv ri wkh
wkhruhwlfdo prgho duh ydolg,1
6161 Vlpxowdqhrxv fkrlfh wr ohdvh rxw dqg ri frqwudfw
Dqrwkhu hfrqrplf dqg hfrqrphwulf frqwulexwlrq lv wkdw zh duh deoh wr dyrlg wkh vdpsoh vhohfwlrq
eldv wkdw sodjxhv vwxglhv rq whqdqf| fkrlfhv1 Frqwudfwlqj fkrlfhv duh jhqhudoo| h{sodlqhg rq wkh
edvlv ri revhuyhg vhwv ri frqwudfwv rqo|1 Wkh fkrlfh vhw ri odqgrzqhuv lv eurdghu dqg wkh frqwudfw
fkrlfh lv vlpxowdqhrxv wr wkh fkrlfh wr frqwudfw1 Dv wkhuh lv qr uhdvrq wr d sulrul wklqn wkdw
wkh| duh lqghshqghqw/ wkh frqwudfw fkrlfh htxdwlrq pd| vxhu iurp d vhohfwlrq eldv sureohp1
Irupdoo|/ ghqrwlqj |
W
 wkh odwhqw yduldeoh jryhuqlqj wkh ghflvlrq wr ohdvh rxw d odqg sorw= |
W
/
wkh odqgrzqhu ghflghv wr ohdvh rxw odqg li |W
A31 Kh fkrrvhv ehwzhhq {hg uhqw ru vkduh whqdqf|
dffruglqj wr |W2 dqg |2 @ 4+W2:f lv rqh iru {hg uhqw dqg }hur iru vkduh whqdqf|1 Zulwlqj
wkh ixoo hfrqrphwulf prgho zlwk wkh elyduldwh fhqvruhg irup= |@4+W

:f/ |2@4+W
2
:f revhuyhg li
|@4 zkhuh wkh odwhqw prgho lv
+W

'%qn0
+W
2
'%n#
zlwk +%> ,

/$ Q+3> 3> 4> 4> ,/ zh fdq whvw li wkh
fruuhodwlrq  lv }hur1 Xqghu wkh qxoo wkdw huuru whupv ri erwk surelw uhjuhvvlrqv duh xqfruuhodwhg/
rqh fdq uxq wzr lqghshqghqw surelw uhjuhvvlrqv dqg wkhq shuirup d vfruh whvw ri Kf@i@3j1
Wkh vfruh whvw vwdwlvwlfv iru hdfk vshflfdwlrq vkrz wkdw zh fdqqrw uhmhfw Kf1 Krzhyhu/ zh nqrz
iurp Dqguhzv +4<;<, wkdw wkh srzhu ri rxu whvw vwdwlvwlf pd| eh orz dqg wkdw hyhq d uhodwlyho|
kljk fruuhodwlrq pljkw vwd| xqghwhfwhg1 Wkhuhiruh/ zh hvwlpdwh e| pd{lpxp olnholkrrg wkh
fhqvruhg elyduldwh prgho1 Uhvxowv ri wkh fhqvruhg elyduldwh prgho zlwk glhuhqw vshflfdwlrqv
+zlwk ru zlwkrxw dgglwlrqdo h{sodqdwru| yduldeohv, gr qrw doorz wr lghqwli| dozd|v suhflvho| wkh
fruuhodwlrq sdudphwhu exw jlyh doo wkh vdph hylghqfh zlwk uhvshfw wr wkh frhflhqwv ri lqwhuhvw1
Wkh vwdqgdug ghyldwlrq ri wkh fruuhodwlrq frhflhqw lv vrphwlphv odujh dqg hvwlpdwlqj wkh
lqyhuvh srzhu ixqfwlrq +1, ri  +Dqguhzv/ 4<;<, zlwk +31<8,@6193gvh4 dqg +318,@41<9gvh4/
zh fdq vhh wkdw iru odujh lqwhuydov ri fruuhodwlrq ydoxhv zh kdyh d kljk suredelolw| ri w|sh LL
huuru dqg wkhuh lv qr udqjh ri srvvleoh ydoxhv iru wkh fruuhodwlrq sdudphwhu iru zklfk wkh whvw
4:
zrxog kdyh kljk srzhu1 Krzhyhu/ wkh ohvv lpsuhflvh uhvxowv suhvhqwhg lq Wdeoh 7 duh frqvlvwhqw
zlwk wkh suhglfwlrqv ri wkh prgho1 Wkh hvwlpdwhg fruuhodwlrq sdudphwhu  vkrzv wkdw wkhuh lv
vrph vhohfwlylw| eldv lq wkh surelw uhjuhvvlrqv rq wkh vdpsoh ri odqgrzqhuv zkr ohdvh rxw vrph
odqgS1 Uhvxowv irxqg suhylrxvo| rq wkh ghwhuplqdqwv ri wkh frqwudfw fkrlfh fduu| ryhu dqg duh
urexvw wr wkh lqfoxvlrq ri odqg ohiw idoorz e| odqgrzqhuv lq wkh qrq ohdvlqj rxw fkrlfh iru d sorw1
WDEOH 7 KHUH
Dq lpsruwdqw lvvxh lv wr ghwhuplqh krz wkh suredelolw| wr ohdvh rxw d sorw ri odqg hyroyhv
dffruglqj wr lwv ydoxh1 D surelw hvwlpdwlrq ri wkh ghflvlrq wr ghohjdwh wkh xvh ri odqg rq wkh
odqg ydoxh shu khfwduh vkrzv lw lv lqfuhdvlqj zlwk odqg ydoxh +frqwuroolqj iru rwkhu h{sodqdwru|
yduldeohv= odqg duhd rzqhg/ rzqhg dvvhwv/ fruq dqg ulfh gxpplhv/ krxvhkrog vl}h/ hgxfdwlrq
ri idwkhu dqg prwkhu/ yloodjh dqg wlph gxpplhv,1 Wklv uhvxow pd| vxjjhvw wkdw wkh hflhqf|
orvv lqgxfhg e| ghohjdwlrq qhyhu rvhwv wkh lqfuhdvhg frvw lqgxfhg e| vhoi fxowlydwlrq1 Krzhyhu/
hvwlpdwlrq uhvxowv xvlqj glhuhqw vshflfdwlrqv +orjdulwkplf dqg zlwk srzhuv ri odqg ydoxh shu
khfwduh, lq Wdeoh 8 vkrz glhuhqw uhvxowv1
WDEOH 8 KHUH
Wkh pd{lpxp ri wkh sduderolf dssur{lpdwlrq lv dw d odqg ydoxh ri 8 88: S@k= +fruuhvsrqglqj
wr wkh :;| shufhqwloh ri wkh glvwulexwlrq ri sorw ydoxhv shu khfwduh,1 Lq wkh uvw vshflfdwlrq
rqh fdq vd| wkdw wkh suredelolw| iru d odqgrzqhu wr fxowlydwh klpvhoi d sorw ri odqg lv vwulfwo|
ghfuhdvlqj zlwk lwv ihuwlolw|1 Zlwk wkh vhfrqg vshflfdwlrq/ wkh suredelolw| iru d odqgrzqhu wr
fxowlydwh d sorw ri odqg lqvwhdg ri ghohjdwlqj lwv xvh lv X vkdshg zlwk uhvshfw wr wkh ihuwlolw|
ohyho.1 Lq wkh uvw prgho/ wkh lqhflhqf| orvv ri odqg ghohjdwlrq qhyhu grplqdwhv wkh frvw
glhuhqfh ehwzhhq wkh odqgrzqhu dqg wkh shdvdqw1 Lq wkh vhfrqg/ wkh hflhqf| orvv grplqdwhv
wkh hhfw ri wkh frvw glhuhqfh iru kljk odqg ydoxhv1
Lq rughu wr whvw ehwzhhq wkhvh wzr vshflfdwlrqv wr nqrz zklfk rqh lv wkh forvhvw wr wkh wuxh
prgho/ zh lpsohphqw wkh lqihuhqfh surfhgxuh ri Yxrqj +4<;<, zklfk ghulyhv vrph olnholkrrg
udwlr whvwv doorzlqj wr whvw ehwzhhq vwulfwo| qrq qhvwhg ru ryhuodsslqj prghov1 Wkh whvw frqvlvwv
lq wzr vwhsv/ wkh uvw whvwv li wkh yduldqfh ri wkh olnholkrrg udwlr vwdwlvwlf lv vljqlfdqwo| glhuhqw
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iurp }hur phdqlqj wkdw wkh wzr prghov duh glvwlqjxlvkdeoh1 Lq wkh fdvh ri Wdeoh 8/ wkh yduldqfh
lv qe$2? @ <=:<1 Lwv dv|pswrwlf glvwulexwlrq lv d zhljkwhg vxp ri fkl0vtxduhv zklfk zhljkwv duh
wkh 7: hljhqydoxhvH ri d yduldqfh fryduldqfh pdwul{ fZ? dqg d Prqwh Fduor vlpxodwlrq vkrzv
wkdw wkh vwdwlvwlf fruuhvsrqgv wr wkh <7( fulwlfdo ohyho1 Wklv doorzv wr lqihu wkdw prghov duh
glvwlqjxlvkdeoh1 Wkh vhfrqg vwhs whvwv ehwzhhq erwk qrq qhvwhg prghov wkdqnv wr wkh olnholkrrg
udwlr vwdwlvwlf q3*2OU?+e?> e?,@e$? @ 9=88 zklfk lv idu ehorz wkh 4( vljqlfdqfh ohyho ri wkh
vwdqgdug qrupdo glvwulexwlrq1 Wkhuhiruh zh fdq uhmhfw wkh qxoo k|srwkhvlv wkdw erwk prghov
duh htxlydohqw lq idyru ri J ehlqj ehwwhu wkdq Iw1 Lpsohphqwlqj wkh whvw zlwk dgmxvwhg OU
vwdwlvwlfv fruuhvsrqglqj wr Dndlnh dqg Vfkzdu} lqirupdwlrq fulwhuld/ zh rewdlqhg wkh vdph uhvxow
+zh irxqg uhvshfwlyho| 9=57 dqg 8=78,1
Wkh whvw vkrzv wkdw wkh vhfrqg prgho shuirupv ehwwhu wkdq wkh uvw1 Zh frqfoxgh wkdw wkh
suredelolw| wkdw d odqgrzqhu ghohjdwhv wkh xvh ri d sorw ri odqg lv lqghhg lqyhuvh X vkdshg
l1h1 lw lv lqfuhdvlqj ehorz vrph ihuwlolw| ohyho dqg ghfuhdvlqj deryh1 Lw phdqv wkdw iru kljk
odqg ydoxhv/ wkh hflhqf| orvv ri ghohjdwlrq lv wrr odujh dqg wkh odqgrzqhu suhihuv wr fxowlydwh
klpvhoi wkh sorw ri odqg hyhq li kh kdv d kljkhu pdujlqdo frvw ri hruw1 Wklv hpslulfdo uhvxow
lv lqfrqvlvwhqw zlwk wkh dvvxpswlrq wkdw djhqwv duh ulvn qhxwudo ehfdxvh ri wkh suhvhqfh ri dq
hflhqf| orvv1 Lw frqupv wkh suhvhqfh ri ulvn dyhuvlrq dqg uhmhfwv d sxuh _wudqvdfwlrq frvw%
dssurdfk zkhuh shrsoh frqwudfwv zrxog eh h{sodlqhg rqo| e| wkh odqg frqvhuydwlrq dujxphqw
zlwkrxw ulvn dyhuvlrq ehkdylru1 Wkhuhiruh/ wkh mrlqw hpslulfdo qglqjv rq frqwudfw lqfhqwlyhv
dqg rq wkh ohdvlqj rxw ghflvlrq vhhp wr eh lqfrqvlvwhqw zlwk wkh sxuh ulvn vkdulqj prgho exw
qrw zlwk rxu prghob1
Qrqsdudphwulf Hvwlpdwlrq
Lq rughu wr fkhfn zkhwkhu wkh hpslulfdo X vkdsh ixqfwlrq/ irxqg iru wkh suredelolw| wr ohdvh
rxw zlwk uhvshfw wr odqg ydoxh shu khfwduh/ lv qrw gxh wr wkh sdudphwulf dvvxpswlrq ri huuru
whupv dqg wkh txdgudwlf vshflfdwlrq rq odqg ydoxh/ zh hvwlpdwh wkh suredelolw| ri ohdvlqj rxw
odqg qrq sdudphwulfdoo|1 Zulwlqj |W
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,,1 Zh fdq dovr
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Wkh jxuh 4 vkrzv wkh hvwlpdwhg uhjuhvvlrq ixqfwlrq2f ri wkh ghflvlrq wr frqwudfw rq wkh odqg
ydoxh shu khfwduh +24333 S ,1 Krzhyhu/ grhv wklv X vkdsh shuvlvw zkhq rwkhu h{solfdwlyh yduldeohv
duh lqwurgxfhgB Lqfoxglqj wkhp vhtxhqwldoo|/ zh fdq hvwlpdwh dqg sorw wkh uhjuhvvlrq ixqfwlrqv1
ILJXUH 4 KHUH
ILJXUH 5 KHUH
Wkh wkuhh glphqvlrqdo sorwv +jxuh 5, vkrz wkh hvwlpdwhv ri wkh uhjuhvvlrq ixqfwlrqv zkhq
dqrwkhu yduldeoh lv lqfoxghg1 Joredoo|/ wkh lqyhuvh X vkdsh ri odqg ydoxh uhpdlqv lq doo fdvhv +wkh
yduldeohv lqfoxghg duh wrwdo rzqhg duhd/ krxvhkrog vl}h/ krxvhkrog phpehuv e| rzqhg khfwduh
ri odqg/ hgxfdwlrq ri idwkhu/ hgxfdwlrq ri prwkhu/ djh ri krxvhkrog khdg,1 Wkhvh hpslulfdo idfwv
frqup wkh uhvxowv rewdlqhg zkhq zh frqwuro iru doo yduldeohv vlpxowdqhrxvo| lq wkh sdudphwulf
uhjuhvvlrqv1
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Wklv Sulqflsdo0Djhqw prgho ri prudo kd}dug zlwk d vwrfn yduldeoh lq wkh surgxfwlrq ixqfwlrq
doorzhg xv wr vkrz wkh lpsruwdqfh ri odqg ihuwlolw| lq wkh ghwhuplqdwlrq ri wkh rswlpdo frqwudfw1
Wkh rswlpdo frqwudfw ghshqgv rq wkh whfkqrorj| ri surgxfwlrq dqg wkh odqg ihuwlolw| g|qdplfv
dv zhoo dv ulvn dyhuvlrq1 Zh ghulyhg dq hqgrjhqrxv odqg ydoxh ixqfwlrq dqg whvwdeoh lpsolfdwlrqv
derxw wkh irup ri wkh frqwudfw1 Ehfdxvh ri wkh orqj whup 0 vkruw whup frqlfw ri remhfwlyhv dqg
wkh gdpdjlqj hhfw rq ihuwlolw| ri odqg ryhuxvh/ wkh vhfrqg ehvw frqwudfw lv d vkdulqj duudqjhphqw
hyhq li djhqwv duh ulvn qhxwudo1 Wklv lv dq ruljlqdo srlqw ri wklv prgho lq wkh olwhudwxuh rq odqg
whqdqf|1 Rswlpdo lqfhqwlyhv ghshqg rq wkh srvvlelolw| ri odqg ryhuxvh dqg rq lwv ihuwlolw| ohyho1
Wkh prgho h{sodlqv zk| d odqgrzqhu xvhv glhuhqw frqwudfwv rq glhuhqw sorwv ri odqg1 Wkh
ohdvlqj rxw ghflvlrq ri d odqgrzqhu ghshqgv rq wkh glhuhqfh lq frvw ri hruw ehwzhhq wkh
odqgrzqhu dqg wkh shdvdqw dqg wkh hflhqf| orvv gxh wr wkh ghohjdwlrq wr d ulvn dyhuvh djhqw1
Iurp wkh hpslulfdo vwxg|/ wkh prvw lpsruwdqw uhvxowv duh wkdw wkh sxuh ulvn vkdulqj prgho
dqg wkh sxuh wudqvdfwlrq frvw dssurdfk duh uhmhfwhg lq wklv Sklolsslqhv duhd zkloh rxu prgho
lqwhjudwlqj erwk wudgh0r vhhpv wr eh hpslulfdoo| frqvlvwhqw1 Odqgorugv fkrrvh pruh lqfhqwlyh
frqwudfwv +{hg uhqw yhuvxv vkduh whqdqf|, iru pruh ydoxdeoh sorwv ri odqg dqg ohvv lqfhqwlyh
rqhv zkhq fursslqj sudfwlfhv/ vxfk dv iru fruq/ lqgxfh pruh odqg ryhuxvh1 Wkh suredelolw| ri
ohdvlqj rxw d sorw ri odqg lv lqyhuvh X vkdshg zlwk uhvshfw wr odqg ydoxh1 Xvlqj wkhvh Sklolsslqhv
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gdwd/ wkh suhglfwlrqv ri rxu prgho duh hpslulfdoo| frqvlvwhqw/ d idfw h{sodlqhg e| rxu prgho dqg
vkrzlqj wkdw ulvn vkdulqj fdqqrw eh uxohg rxw1
Ilqdoo|/ wkh vrlo txdolw| dsshduv wr eh dq lpsruwdqw hfrqrplf idfwru lq wkh fkrlfh ri whq0
dqf| djuhhphqwv1 Wklv lv wr eh frqvlghuhg iru srolf| ghvljq zlwk uhvshfw wr odqg frqvhuydwlrq/
surgxfwlrq ohyhov dqg hflhqf| ri djulfxowxudo rujdql}dwlrqv1 Dfwxdoo|/ lw lv riwhq dujxhg wkdw
ghyhorsphqw srolflhv uhfrpphqglqj wr suhyhqw vkduhfursslqj frqwudfwv lq idyru ri uhqwlqj dw
{hg udwh pxvw eh dffrpsdqlhg e| phdvxuhv doorzlqj wr lpsuryh dffhvv wr lqvxudqfh ehfdxvh
vkduhfursslqj surylghv ulvn vkdulqj wr wkh whqdqw1 Krzhyhu/ zh vkrzhg wkdw hyhq zlwk ulvn qhx0
wudolw| d vkduhfursslqj frqwudfw fdq eh rswlpdo li frpplwphqw idloxuh suhyhqwv wkh fuhgleoh xvh
ri orqj whup frqwudfwv ohdglqj wr d frqlfw ehwzhhq vkruw whup dqg orqj whup lqwhuhvwv ehwzhhq
wkh odqgorug dqg wkh whqdqw1 Ohdvlqj dw {hg uhqw fdq kdyh ghohwhulrxv hhfwv rq orqj whup
surgxfwlrq ehfdxvh ri wkh lpsryhulvkphqw ri odqg1 Wkhuhiruh/ srolflhv surprwlqj wkh hqirufh0
phqw ri orqj whup frqwudfwv pd| eh qhfhvvdu| lq dgglwlrq wr jlylqj dffhvv wr lqvxudqfh1 Vrfldo
lqvwlwxwlrqv deoh wr lpsuryh wkh hqirufhphqw ri orqj whup frqwudfwv zlwk irupdo djuhhphqwv
zrxog olnho| lqflwh odqgorugv wr xvh orqj whup djuhhphqwv1 Pruhryhu/ rxu prgho vkrzv wkdw wkh
ghflvlrqv ri odqgrzqhuv wr ohdvh rxw odqg ehlqj dovr hqgrjhqrxv/ wkh uhjxodwlrq ri frqwudfwlqj
lqvwlwxwlrqv pd| kdyh dq lpsdfw qrw rqo| rq frqwudfwlqj sudfwlfhv exw dovr rq ohdvlqj rxw gh0
flvlrqv ri odqgrzqhuv zkr pd| suhihu wr pdqdjh odqg fxowlydwlrq wkhpvhoyhv +klulqj oderuhuv,
lqvwhdg ri ohdvlqj rxw dw {hg uhqw wr d whqdqw1 Uhirupv ri frqwudfwlqj lqvwlwxwlrqv pd| wkhq
kdyh frqvhtxhqfhv rq dffhvv wr odqg yld wkh odqg uhqwdo pdunhw1 Iru h{dpsoh/ li orqj whup
frpplwphqw lv qrw fuhgleoh/ suhyhqwlqj vkduhfursslqj pd| lpsrvh wkh xvh ri vkruw whup {hg
uhqw frqwudfwv jlylqj wrr pxfk odqg ryhuxvh lqfhqwlyhv wr eh xvhg e| odqgrzqhuv zkr pd| suhihu
hlwkhu wr pdqdjh fxowlydwlrq wkhpvhoyhv ru wr ohdyh odqg idoorz1 Dq lpsruwdqw lpsolfdwlrq iru
ghyhorsphqw srolf| ghvljq zkhq odqg lv xqhtxdoo| glvwulexwhg lq txdqwlwlhv dqg lq txdolwlhv1
 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Lq wkh fdvh ri shuihfw lqirupdwlrq/ wkh surri lv vwudljkwiruzdug dqg frqvlvwv lq ghqlqj dq rs0
hudwru W uhodwlqj wkh h{shfwhg ydoxh dw wkh hqg ri wkh shulrg dqg wkh h{shfwhg ydoxh dw wkh
ehjlqqlqj ri wkh shulrg1 Wkh ydoxh ixqfwlrq lv wkh {hg srlqw ri W= Lw lv lqfuhdvlqj dqg frqfdyh
ehfdxvh W lv d frqwudfwlrq pdsslqj zklfk pdsv wkh vsdfh ri lqfuhdvlqj frqfdyh ixqfwlrqv rqwr
lwvhoi1 Zh qrz wxuq wr wkh lpshuihfw lqirupdwlrq fdvh1
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Lq wkh fdvh ri ulvn qhxwudolw|/ wkh ydoxh ixqfwlrq lv wkh uvw ehvw rqh dqg wkh surri lv vwudljkwiru0
zdug1 Krzhyhu/ wkh phwkrg +Vwrnh|/ Oxfdv/ dqg Suhvfrww/ 4<;<,/ frqvlvwv lq ghqlqj dq rshudwru
W zklfk lv vkrzq wr eh d frqwudfwlrq pdsslqj zlwk d xqltxh {hg srlqw zklfk lv lqfuhdvlqj +dqg
frqfdyh, ehfdxvh W pdsv wkh vhw ri frqwlqxrxv +dqg frqfdyh, ixqfwlrqv rqwr lwvhoi1 Lq wkh ulvn
qhxwudo fdvh/ W lv ghqhg e| Wz +{, @Pd{
@Df
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dH ^i +{> h,`F +h,1 Wr suryh wkdw wkh vroxwlrq ri wkh ixqfwlrqdo htxdwlrq lv dq
lqfuhdvlqj ixqfwlrq/ lw qhhgv wr vkrz wkdw li z lv lqfuhdvlqj/ wkhq Wz lv dovr1 Wkh vdph dssolhv iru
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Wkh Sulqflsdo fkrrvhv wkh wudqvihu ixqfwlrq +|, @ +4 d, |  e wkdw pd{lpl}hv klv h{shfwhg
xwlolw| H^+4 d, |  e . y +},` xqghu wkh Lqglylgxdo Udwlrqdolw| frqvwudlqw/ dqg wkh iroorzlqj
Lqfhqwlyh Frpsdwlelolw| frqvwudlqw= h 5dujpd{
e
HX+d| . e,F +h,1
Ohppd 8141 Sduhwr hflhqf| lv dfklhyhg xqghu lpshuihfw lqirupdwlrq li dqg rqo| li wkh Djhqw
lv ulvn qhxwudo1
Ghqrwlqj hW> W wkh uvw ehvw hruw dqg wudqvihu1 Wr lpsohphqw wkh uvw ehvw hruw hW/
wkh frqwudfw pxvw erwk uhvshfw wkh lqglylgxdo udwlrqdolw| frqvwudlqw dqg jlyh vrph lqfhqwlyhv
pdnlqj  +=, ghshqg rq surgxfwlrq1 Li hW lv lpsohphqwhg dw wkh vdph frvw wkdq lq wkh uvw
ehvw l1h1 H^d| . e` @ W/ wkhq/ e| Mhqvhq*v lqhtxdolw| dqg wkh frqfdylw| ri wkh xwlolw| ixqfwlrq=
HX+d|. e,F +hW,  X +W,F +hW, @ X 1 Wkh sduwlflsdwlrq frqvwudlqw lv yhulhg rqo| li X lv
olqhdu1
E| wkh glhuhqwldeoh dssurdfk/ wkh lqfhqwlyh frqvwudlqw ehfrphv dHX

ie +{> h, @ Fe +h, dqg
d vwudljkwiruzdug ghulydwlrq jlyhv wkh iroorzlqj ohppd=
Ohppd 8151 Lq wkh ulvn qhxwudo fdvh/ wkh LF frqvwudlqw ghqhv dq Djhqw*v ehvw dqvzhu hruw
vxsso| h +d> {,/ glhuhqwldeoh vxfk wkdw h% @ die%P dqg h@ @ ieP zlwk P
3 @ dieeFee ?
31 Khqfh h@ A 3 dqg ie%h% A 31
Wklv ohppd doorzv xv wr vd| wkdw hruw lv vwulfwo| lqfuhdvlqj zlwk lqfhqwlyh srzhu/ d/ zkhuhdv
lw lv vwulfwo| lqfuhdvlqj ru ghfuhdvlqj zlwk ihuwlolw| { dv ihuwlolw| dqg oderu duh frpsohphqwdu| ru
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vxevwlwxwhv lq wkh surgxfwlrq ixqfwlrq1 Wkh uvw rughu frqglwlrq ri wkh pd{lpl}dwlrq surjudp
gluhfwo| jlyhv wkh sursrvlwlrq1
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Zh qhhg wr suryh wkdw li z lv lqfuhdvlqj wkhq Wz lv dovr lqfuhdvlqj zkhuh Wz +{, @pd{
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Dvvxph wkhuh lv d jlyhq ydoxh ixqfwlrq z1 Wkh ydoxh ri wkh uvw ehvw dqg vhfrqg ehvw sureohpv
duh wkh {hg srlqw ri wkh rshudwruv WsK dqg WrK ghqhg e| = WsKz +{, @Pd{
e
i +{> h, F +h,
X.Hz +%j +{> h,, dqg WrKz +{, @Pd{
@
+4 d,H ^i +{> h +{> d,,`e +{> d,.Hz +%j +{> h +{> d,,,
zkhuh e +{> d, doorzv wr vdwlvi| wkh lqglylgxdo udwlrqdolw| frqvwudlqw1 Iluvw/ WsKz +{,WrKz +{, 
3 +htxdov }hur zkhq wkh Djhqw lv ulvn qhxwudo,1 Wkhq zh kdyh +vhh dsshqgl{ 814 dqg 816,=
Y
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+%j +{> hrK,, j% +{> hrK, zlwk dvvxpswlrq 4e1 z ehlqj frqfdyh dqg ie%  3/ je  3/
je%  3/ zh kdyh=
Y
Y% ^WsKz +{, WrKz +{,` A 3 li hsK A hrK dqg wkh rssrvlwh li hsK ? hrK1 Lq
vrph yhu| h{wuhph fdvhv/ wkh Djhqw*v ulvn dyhuvlrq fdq eh vxfk wkdw hsK ? hrK lpso|lqj wkdw
Y
Y% ^WsKz +{, WrKz +{,` ? 31 Krzhyhu/ lq prvw fdvhv/ lw lv olnho| wkdw hsK A hrK ehfdxvh lq wkh
vhfrqg ehvw wkh odqgorug qhhgv wr vkduh ulvn zlwk wkh Djhqw jlylqj ohvv lqfhqwlyhv wkdq wkdw ri
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wkh uvw ehvw1
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Dvvxph wkhuh lv d jlyhq ydoxh ixqfwlrq z1 Lq wkh ulvn qhxwudo fdvh/ wkh ydoxh ri vhoi fxowlydwlrq
dqg ri ghohjdwlrq +zklfk lv wkdw ri wkh uvw ehvw vlqfh zh duh lq wkh ulvn qhxwudo fdvh, duh wkh {hg
srlqw ri rshudwruv WrS dqg WsK ghqhg e| Wz +{,@Pd{
e

k
i +{> h, 0F +h, 0X .Hz +%j +{> h,,
l
iru l@vf/ ie/ zkhuh FsK dqg FrS duh uhvshfwlyho| wkh Djhqw*v dqg Sulqflsdo frvwv ri hruw1 E|
wkh hqyhorsh wkhruhp YY%Wz +{,@i% +{> h,.H%z
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Ulvn qhxwudolw|
Dvvxplqj ulvn qhxwudolw| iru erwk frqwudfwruv/ wkh prgho ri sxuh prudo kd}dug lq surgxfwlrq
zrxog suhglfw wkh fkrlfh ri {hg uhqw frqwudfwv zkdwhyhu wkh odqg ydoxh +wkh hpslulfdo hylghqfh
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Ulvn vkdulqj lq wkh fdqrqlfdo prgho
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Dqrwkhu dujxphqw lv wr vd| wkdw wkh vorsh hodvwlflw| ri surgxfwlrq zloo eh vpdoohu zlwk ehwwhu
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Dfnhuehuj G1 dqg Erwwlflql P1/ 5333/ Hqgrjhqrxv Pdwfklqj dqg wkh Hpslulfdo Ghwhuplqdqwv ri
Frqwudfw Irup/ plphr
Dfnhuehuj G1 dqg Erwwlflql P1/ 5333/ Wkh Fkrlfh ri Djuduldq Frqwudfwv lq Hduo| Uhqdlvvdqfh
Wxvfdq|= Ulvn Vkdulqj/ Prudo Kd}dug/ ru Fdslwdo Pdunhwv LpshuihfwlrqvB H{sorudwlrqv lq Hfr0
qrplf Klvwru|/ 6:/ 574058:
Dl F1/ Dufdqg M1 O1/ Hwklhu/ 4<<9/ Prudo Kd}dug dqg Pduvkdooldq Lqhflhqf|= Hylghqfh iurp
Wxqlvld/ FUGH/ Fdklhu 3;<9
Doohq G1 dqg Oxhfn G1/ 4<<5/ Frqwudfw Fkrlfh lq Prghuq Djulfxowxuh= Fdvk Uhqw yhuvxv Furs
Vkduh/ Mrxuqdo ri Odz ) Hfrqrplfv/ 68/ 6<:0759
Doohq G1 dqg Oxhfn G1/ 4<<6/ Wudqvdfwlrq Frvwv dqg wkh Ghvljq ri Fursvkduh Frqwudfwv/ Udqg
Mrxuqdo ri Hfrqrplfv/ 57/ 4/ :;0433
Doohq G1 dqg Oxhfn G1/ 4<<9/ Wkh Wudqvdfwlrq Frvw Dssurdfk wr Djulfxowxudo Frqwudfwv/ lq
Djulfxowxudo Pdunhwv= Phfkdqlvpv/ Idloxuhv/ Uhjxodwlrqv/ Hg1 G1 Pduwlpruw Qruwk Kroodqg
Dqguhzv G1/ 4<;</ Srzhu lq Hfrqrphwulf Dssolfdwlrqv/ Hfrqrphwulfd/ 8:/ 8/ 438<043<3
Ednhu J1 S1/ 4<<5/ Lqfhqwlyh Frqwudfwv dqg Shuirupdqfh Phdvxuhphqw/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ 433/ 6/ 8<;0947
Edugkdq S1/ 4<;7/ Odqg/ Oderu dqg Uxudo Sryhuw|= Hvvd|v lq Ghyhorsphqw Hfrqrplfv/ R{irug
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Xqlyhuvlw| Suhvv
Ervh J1/ 4<<6/ Lqwhuolqnhg Frqwudfwv dqg Prudo Kd}dug lq Lqyhvwphqwv/ Mrxuqdo ri Ghyhorsphqw
Hfrqrplfv/ 74/ 57:05:6
Erxlv K1/ Kdggdg O1/ 4<<3/ Djulfxowxudo Frpphufldol}dwlrq/ Qxwulwlrq/ dqg wkh Uxudo Srru/
Olqqh Ulhqqhu Sxeolvkhuv
Eudyhupdq D1/ Vwljolw} M1/ 4<;9/ Frvw0Vkdulqj Duudqjhphqwv xqghu Vkduhfursslqj= Prudo Kd}0
dug/ Lqfhqwlyh Ioh{lelolw| dqg Ulvn/ Dphulfdq Mrxuqdo ri Djulfxowxudo Hfrqrplfv/ 9;/ 9750985
Fkldssrul S1 D1/ Pdfkr L1/ Uh| S1/ Vdodqlh E1/ 4<<7/ Uhshdwhg Prudo Kd}dug= Wkh Uroh ri Php0
ru|/ Frpplwphqw/ dqg wkh Dffhvv wr Fuhglw Pdunhwv/ Hxurshdq Hfrqrplf Uhylhz/ 6;/ 485:04886
Gxwwd E1/ Ud|/ G1/ Vhqjxswd N1/ 4<;</ Frqwudfwv zlwk Hylfwlrq lq Lqqlwho| Uhshdwhg Sulqflsdo0
Djhqw Uhodwlrqvklsv/ lq Wkh Wkhru| ri Djuduldq Lqvwlwxwlrqv Hg1 S1 Edugkdq/ R{irug Foduhqgrq
Gxerlv S1/ 4<<;d/ Prudo Kd}dug/ Odqg Ihuwlolw| dqg Vkduhfursslqj lq d Uxudo Duhd ri wkh Sklols0
slqhv/ plphr/ ZS FUHVW <<63
Gxerlv S1/ 4<<;e/ Pxowlwdvn Prudo kd}dug/ Lqfhqwlyh Frqwudfwv dqg Odqg Ydoxh/ plphr FUHVW
Hvzdudq P1 dqg Nrwzdo D1/ 4<;8/ D Wkhru| ri Frqwudfwxdo Vwuxfwxuh lq Djulfxowxuh/ Dphulfdq
Hfrqrplf Uhylhz/ :8/ 6/ 685069:
Ixghqehuj G1 Kropvwurp E1 dqg Plojurp S1/ 4<<3/ Vkruw0Whup Frqwudfwv dqg Orqj0Whup
Djhqf| Uhodwlrqvklsv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 84/ 4064
Kd|dpl \1 dqg Rwvxnd N/ 4<<6/ Wkh Hfrqrplfv ri Frqwudfw Fkrlfh Dq Djuduldq Shuvshfwlyh/
R{irug Foduhqgrq Suhvv
Kduw R1 dqg Kropvwurp E1/ 4<;:/ Wkh Wkhru| ri Frqwudfwv/ lq Dgydqfhv lq Hfrqrplf Wkhru|
hglwhg e| W1 Ehzoh|/ Fdpeulgjh Xqlyhuvlw| Suhvv
Kropvwurp E1 dqg Plojurp S1/ 4<;:/ Djjuhjdwlrq dqg Olqhdulw| lq wkh Surylvlrq ri Lqwhuwhp0
srudo Lqfhqwlyhv/ Hfrqrphwulfd/ 88/ 636065;
Mrkqvrq G1 J1/ 4<83/ Uhvrxufh Doorfdwlrq xqghu Vkduh Frqwudfwv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/
8;/ 4440456
Odrqw M1 M1/ Pdwrxvvl P1 V1/ 4<<8/ Prudo Kd}dug/ Ilqdqfldo Frqvwudlqwv dqg Vkduhfursslqj lq
Ho Rxomd/ Uhylhz ri Hfrqrplf Vwxglhv/ 95/ 6;406<<
Odpehuw U1 D1/ 4<;6/ Orqj Whup Frqwudfwv dqg Prudo Kd}dug/ Ehoo Mrxuqdo ri Hfrqrplfv/
dxwxpq/ 47/ 7740785
Qhzehu| G1/ Vwljolw} M1 / 4<:</ Vkduhfursslqj/ ulvn vkdulqj dqg wkh lpsruwdqfh ri lpshuihfw
lqirupdwlrq/ lq Ulvn/ Xqfhuwdlqw| dqg Djulfxowxudo Ghyhorsphqw Hg1 Urxpdvvhw M1/ Erxvvdug M1
5:
P1/ Vlqjk/ L1
Rwvxnd N1 4<<4/ Ghwhuplqdqwv dqg frqvhtxhqfhv ri odqg uhirup lpsohphqwdwlrq lq wkh Sklols0
slqhv/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 68/ 66<0688
Rwvxnd N1/ Fkxpd K1/ Kd|dpl \1/ 4<<5/ Odqg dqg Oderu Frqwudfwv lq Djuduldq Hfrqrplhv=
Wkhrulhv dqg Idfwv/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 63/ 4<980534;
Rwvxnd N1/ Fkxpd K1/ Kd|dpl \1/ 4<<6/ Shupdqhqw Oderxu dqg Odqg Whqdqf| Frqwudfwv lq
Djuduldq Hfrqrplhv= Dq Lqwhjudwhg Dqdo|vlv/ Hfrqrplfd/ 93/ 8:0::
Udgqhu U1/ 4<;8/ Uhshdwhg Sulqflsdo0Djhqw Jdphv zlwk Glvfrxqwlqj/ Hfrqrphwulfd/ 86/ 44:60<;
Udr F1 K1/ 4<:4/ Xqfhuwdlqw|/ Hqwuhsuhqhxuvkls dqg Vkduhfursslqj lq Lqgld/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ :</ 6/ 8:;08<8
Uh| S1 dqg Vdodqlh E1/ 4<<3/ Orqj0Whup/ Vkruw0Whup dqg Uhqhjrwldwlrq= Rq wkh Ydoxh ri Frp0
plwphqw lq Frqwudfwlqj/ Hfrqrphwulfd/ 8;/ 8<:094<
Uh| S1 dqg Vdodqlh E1/ 4<<9/ Rq wkh Ydoxh ri Frpplwphqw zlwk Dv|pphwulf Lqirupdwlrq/
Hfrqrphwulfd/ 97/ 46<804747
Urjhuvrq Z1 S1/ 4<;8/ Uhshdwhg Prudo Kd}dug/ Hfrqrphwulfd/ 86/ 4/ 9<0:9
Urxpdvvhw/ M1/ 4<;7/ H{sodlqlqj Sdwwhuqv lq Odqgrzqhu Vkduhv= Ulfh/ Fruq/ Frfrqxw/ dqg Dedfd
lq wkh Sklolsslqhv/ ;50<8/ fkds1 7 lq Frqwudfwxdo Duudqjhphqwv/ Hpsor|phqw/ dqg Zdjhv lq Ux0
udo Oderu Pdunhwv lq Dvld
Uxelqvwhlq D1 dqg \ddul P1 H1/ 4<;6/ Uhshdwhg Lqvxudqfh Frqwudfwv dqg Prudo Kd}dug/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 63/ :70<:
Vkdedq U1/ 4<;:/ Whvwlqj Ehwzhhq Frpshwlqj Prghov ri Vkduhfursslqj/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ <8/ 8/ ;<60<53
Vlqjk Q1/ 4<;</ Wkhrulhv ri Vkduhfursslqj/ lq Wkh Wkhru| ri Djuduldq Lqvwlwxwlrqv Hg1 Edugkdq/
S1/ R{irug Foduhqgrq Suhvv
Vwljolw} M1 H1/ 4<:7/ Lqfhqwlyhv dqg Ulvn Vkdulqj lq Vkduhfursslqj/ Uhylhz ri Hfrqrplf Vwxglhv/
74/ 5/ 54<0588
Vwrnh| Q1/ Oxfdv U1 dqg Suhvfrww H1/ 4<;</ Uhfxuvlyh Phwkrgv lq Hfrqrplf G|qdplfv/ Kduydug
Xqlyhuvlw| Suhvv1
Yxrqj T1 K1/ 4<;</ Olnholkrrg Udwlr Whvwv iru Prgho Vhohfwlrq dqg Qrq0Qhvwhg K|srwkhvhv/
Hfrqrphwulfd/ 8:/ 5/ 63:0666
Zhlw}pdq P1/ 4<;3/ Hflhqw Lqfhqwlyh Frqwudfwv/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <7/ :4<0:63
Zlooldpvrq R1/ 4<;8/ Wkh Hfrqrplf Lqvwlwxwlrqv ri Fdslwdolvp/ Qhz \run= Iuhh Suhvv
5;
Wdeoh 4= Frpsdulvrq ri suhglfwlrqv
Sxuh ulvn vkdulqj prgho Suhvhqw prgho
Djhqw*v Ulvn Ulvn Ulvn Ulvn
Suhihuhqfhv Qhxwudo Dyhuvh Qhxwudo Dyhuvh
Ohdvlqj Rxw Fkrlfh lqfuhdvlqj lqfuhdvlqj lqfuhdvlqj lqfuhdvlqj
g+{, ru ghfuhdvlqj ru ghfuhdvlqj
Rswlpdo Vkduh 4 ?4 dqg ?4 dqg lqfuhdvlqj
d+{, ghfuhdvlqj lqfuhdvlqj ru ghfuhdvlqj
+4, +5, +6, +7,
Wdeoh 5= Ghvfulswlyh Vwdwlvwlfv
Yduldeoh Dyhudjh Vwg1 Ghy1 Rev1
Odqg duhd rzqhg 5144 61;; 4:<5
Prwkhu*v hgxfdwlrq +|hduv, 9158 51:5 77;
Idwkhu*v hgxfdwlrq +|hduv, 81:3 6136 77;
Krxvhkrog vl}h 91;4 517: 77;
Ydoxh ri Surgxfwlyh dvvhwv 7:3< <466 77;
Ydoxh ri Qrq surgxfwlyh dvvhwv 47499 68667 77;
Djh ri Krxvhkrog khdg 6:14 ;158 77;
Odqg ydoxh shu khfwduh 74:6 7:;8 455<
Fruq gxpp| 3187 317< 455<
Ulfh gxpp| 313; 315: 455<
Vxjdu gxpp| 3166 317: 455<
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